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This series of reports^ entitled MATLOG Program in FORTRAN j 
summarizes the formulation of BVMF in a practical manner in 
the form of FORTRAN statements of our BVKF techniques. They 
closely follow the theoretical approaches developed in Lecture 
Series 2 and 3. The first three parts will deal with the 
subprograms that are required for working out atomic statements 
in SNS logic, quantifier logic^ and general logic dealing with 
the theory of relations. 


Part I contains two subprograms BVMF and SNSLOG dealing 
respectively with the basic notation and algorithms of BVMF 
in general, and their application to BA-2 algebra as adopted for 
SKS logic. Part II will contain the extension of this to BA-3 
algebra required for quantifier logic, and Part III to general 
m X n matrices required for multivalued logic adopted for the 
general theory of relations. 


It is believed that the subroutines Included in these 

reports are fairly exhaustive and are sufficient to work out 

problems in propositional calculus and in predicate calculus. 

A number of exac5)les are worked out, using the .program. In fact. 

the conclusions derived from these^exaS.^® ^^^''merlstLg^^ 
even ' 

have/led to further refinements of the basic Boolean algebraic 

theoryjvl^ the vector-matrix formalism, of logic. 
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Summary of FQRTRAI-^ formulae for the program l^IATLQG 

The program will consist initially of four parts, 
namely BVI^IF, SNSLOG, QLOGIC and GLOGIC, 

1, BVMF 

(a) BA~1 al;::ebra 

In I^'IATLOG we use only Boolean variables and constants 

having the tv/o values 1, 0 denoted by the symbols B1 , B2. 

Variables in BA-1 algebra will be denoted by BA, BB, etc.. 

Four basic functions are employed, namely BSTO, BPECD , BBQU, 

BCMP corresponding to the binary relations a ® b = c, 
and the pnagy relation 

a w b = c, a b = c,^' a = b respectively. The essence 

of the FORTRAI'J formulae for these is as follov/s: 

Boolean sum 

BSUM (BA, BB) = BA + BB 
IF BA • AImD . BB = 1 , BC = 1 

Boolean product 

BPDT (BA, BB) = BA ^ BB 
B_oolean equivalence BEau(BA,BB) = BC 

IF BA . EQ . BB , BC = 1 
ELSE BC = 0 

Boolean complement BCMP(BA) =, BB 

BB = 1 -BA 
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(b) Vectors 

Vectors are indicated in general by GVA,M , GVB,M , etc 
where G stands for “general” , V stands for “vector" and 
M stands for the number of components in the vector . Thus, 
GVA(I) , I = 1 , MI are the components of GVA,MI • 

For the particular cases of MI = 2 and 3 (namely SJNS 

algebra and quantifier algebra) , the vectors are denoted by 

SVA and QVA for the two cases of MI = 2, 3 and MI is not 

explicitly mentioned, but is indicated by the letters Q 

name of the 

at the beginning of the/variable ^ or function^ as the case may be. 

(c) Matrices 

These are indicated by GMZ,M,N etc,, where G denotes 
a general M x K matrix, the letter M stands'^ for "matrix” 
and Z is the name of the matrix. The parameters M, N are 
the dimensions of the matrix so that 

GMZ(I,J). , I = 1, M, J - 1, N 

represent the components of a general matrix GMZ,M,N 

In this case also, if G is replaced by S or Q > then. 

M = M ~ 2 or 3 as the case may be^and the matrix refers to 
SNS algebra and quantifier algebra respectively. 
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(d) Constants in SNS an d QL algebra (Revised 22.6,8? 

There are four constants (truth values) In SNS indicated 
by S1, S2, S3, S4 standing for the vectors (1 O) , (0 1), (1 1), 

(O 0) respectively, for the truth values T, F, D, X .respectively. 

Similarly, in quantifier algebra, Q1 to Q8 will represent 
the eight possible quantifier states (constants) in BA-3 algebra. 

The convention we shall follow is what has been adopted in our 
BVMF as given below. 


Logical 

symbol 

FORTRAN 

symbol 

Name 

BA-3 

vector 

Logical 

symbol 

FORTRAN 

symbol 

Name 

BA-3 

vector 

V 

Q1 

•ALL* 

(10 0) 


05 

•NEX* 

(0 0 1) 

A 

02 

•NAL* 

(0 1 1) 

3 

06 

•EXS* 

(110) 

1 

03 

•SCM* 

(0 1 0) 

A 

07 

•IND* 

(1 1 1) 

0 

04 

•AON* 

(1 0 l) 

0 

08 

*IMP»* 

(0 0 0) 1 


*This will be changed to ‘XXX* in Part IV . 
(e) Lo gical connectives in SNS and QL 


The ten possible logical connectives in SNS are denoted by 
SMA,SK,SL; SM0,SK,SL; SME,SK,SL; standing respectively for the 
matrices 0(k, , E(k,^), k,-^« 1, 4. A similar 

notation is adopted in QLOGIC, namely 

Cm,QK,aL; QM0,QK,0L; QME,QK,QL; QM2,QK,QL standing for Z(k^ i) , 

^ - 1 . 8 

The subprograms in SNS for developing these matrices are given 
in the appropriate sections below. There are four different A*s, 
and four different 0*s, while only two different E*s are present, 
making in all the ten possible logical connectives. 
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2 . SNSLOG 

(a) Algebraic OTjerators 

In this section, we shall write the various functions 

which are of value in SNS logic. They "are given names that 

are suitable for both logical as well as algebraic purposes^ 

and. a general notation extendable to QLOGIC and GLOGIC 

is followed. However, the Idea is thai for 

these values as such 

M = N = 2,or 5, the subroutines ..are written f or ~ / without 
them 

generalizing / to all values of M and N. These simple 
subroutines define the functions in these two subprograms 
and they will be generalized later for GLOGIC, Those^ inquired 
in SNSLOG are as follows. 

(i) Boolean sum of tv/o v ectors a ^)b = c ((^r= U = union) 

3UNI0N (SVA,SVB) = SVC 
BSUl'l (SVA(i) ,SVB(1))= syc(i) 

BSUM (SVA(2),SVB(2)) = SVC(2) 

(ll) Boolean product of two vectors a = c V = vidya) 


SVIDYaCSVA.SVB) = SVC 
BP]3r(SVA(l) ,SVB(1))= SVC(1) 
BPnr(SVA(2),SVB(2))= SVC(2) 
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(ill) Boolean complement o£ SNS v ector § 

SCOMP(SVA) = SVB 
ECMP(SVA(l)) = SVB(1) 

BCMP(SVA(2)) «= SVB(2) 


(iv) Bool e-^n sum ol two matrices P 9 " S 

SMXSUM(SMP,SMQ) SMR 

BSUM(SMP(I,J) , SMQ(I,J)) = SMR(I,J), I, J - 1 , 2 

(v) Boolean product of two matrices P 9 B 
Replace SMXSUM in (iv) by SMXPDtr, and BSUM by BPDT 


(vl) Boolean complement of a matrix operator “ 9 

SMXCMP(SMP) « SMQ 
BCMP(SMP(1)) . SMQ(I), I = 1, 2 


(vll) Scalar -product ol two vectors i b^ = 0 = 3 ^®! 

SSCPDT(SVA,SVB) - BC as above^ 

BC = BPDT(SVA(1) ,SVB(1)) 

BC » BSUM(BC,BPDT(SVA(2),SVB(2)) 

UnsLTV product of a vector vlth a mattrlx 

^ = b^ 


SUNEDT(SVA,SMZ) . SVB 
SVB(J) - O 
Do I , J - 1 , 2 

SVB(J) - BSUM(SVB(J),BPnr(SVA(l),SMZ(l,J))) 

(This is used for finding the output of a unary relation in SNS* 
In BVMF, in general, it is the matrix product of a 2-vector 
with a 2x2 matrix.) 
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(jjcj Binary product of a matrix with two vectors <^a]Z|b;:^ » c 

SBINFT(SVA,SMZ,SVB) » BC 
SVAP » SUNPnr(SVA,SMZ) 

BC . SSCH>X(SVAP,SVB) 

(iic) Matrix product of two matrices : m 

3 

SMATPTCSMP.SMQ) = SMR 
SMR(I,K) = 0 
DO I,J,K -1,2 

SMR(I,K) = BSUM(SMR(I,K), BPDr(SMP(I,j) , SMQ(J,K)) 

(This is used ior the successive application of implications 
in pairticular and of matrix operations in general). 

(xi) Direct product of two vectors ; g ^ ? 

SD1RPT(SVA,SVB) - SMZ 

SMZd.J) - BPDT(SVA(I),SVB(J)), I,J = 1,2 

(xll) Direct sum of two vectors ; § + b - Z * 

SDIRSH(SVA,SVB) = SMZ 

SMZ(I,J) - BSUM(SVA(I) ,SVB(J)) , I,J . 1,2 
(xlli) Direct eoulvalence of two vectors ; (a S b) - Z 
SDIREQ(SVA,SVB) . SMZ 

SMZ(I,J) - BEQU(SVA(I) ,SVB( J) ) , 1,J - 1,2 
(xiv) Scalar vector direct product a X b = c 

SSVDFT(BA,SVB) - SVC 

SVC(I) - BPDT(BA,SVB(I)) , 1-1,2 
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(xv) Scal ar-vector direct sum: a + b » c 

SSVDSM(BA,SVB) SVC 

SVC(I) » BSUMCBA, SVB(1)), I - 1, 2 

(xvl) Transpose of a matrix • Q 

STRANS(SMP) = SMQ 

SMQ(I,J) « SMP(J,I), I,J = 1,2 

The above list oi unary and blnecry combinations ot 
vectors, matrices and Boolean operations In BA-2 cover 
practically all the types of combinations of these that 
occur In SNSLOG. We believe that every application of 
BVMF to propositional calculus can then be implemented, 
by making use of suitable combinations of one or the other 
of the above subroutines. 

In fact, all the function subroutines in (1) to (xvl) 
are generalizable for M x N matrices GMZ(I,J) with Input 
vectors GVA(l) and output vectors GVB(J). In particular, 
for M = N - 3 , the corresponding fonnulae obtained are valid 
for quantifier logic in BA-3 algebra. Therefore, all the 
equations in (l) to (xvl) can be taken over by replacing the 
first letter S, by Q for quantifier logic, and by G for 
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"general” logic. However, in GLOGIC, we have to specify 
also the values of M and N for matrices and vectors. The 
list of these Boolean algebraic formulae will be given in 
Parts 2 and 3, and they follow very similar patterns in 
QLOGIC and GLOGIC as those stated above for SNSLOG* However, 
in the application of these formulae to obtain various results 
of significance in logic per se . as distinct from algebra in 
BVMF, the formulae are slightly different for the three cases 
of SNS (BA-2), QL(BA-3) and general logic (BA-n) . This is 
particularly so for the functions and definitions given below 
in subsection (b). 


(b) Logical operators 

(xvii) Logical connectives A(k, i ) , ^0(k, , E(k, i), I(k,^) 

In an obvious notation these are representable in FORTRAN 


as follows. 

SMA,SK,SL 

SMO,SK,SL 

SME,SK,SL 

SMI,SK,SL 


SDIRPr(SK, SL) 
SDIRSM(SK, SL) 
SDIREQ(SK, SL) 
SDIRSM(SCOMP(SK), SL) 
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These formulae for the standard loglcedl connectives 
for conjunction, disjunction, equivalence or negation, and 
implication, require only K and L equal to 1 or 2. However, 
they can be analytically continued, for K,L .> 3,4 also, for 
A(k, Z) and 0(k, /), and hence to E(k, £) and I(k, , wHich 
covers all sixteen possible 2x2 Boolean matrices, as discussed 
in Lecture-2 Series-3, (see Tables 2 and 3.) 

isiiii) Relative truth value of _.one J:jra_XPr_.another : 

I ^) = ( <a I b^ . I b°^) {c^ , cg) 

SRELTV(SVA, SVB) = SVC 
SVC(1) = SSCPDT(SVA, SVB) 

SVC(2) = SSCPDT(SVA, SCQMP(SVB)) 

The four truth values for g, namely T, F, D, X, correspond 
to the following inclusion properties of the vectors a and b 


^ 2 fully included in b, and has no 

intersection with 

F a is fuUy included in and is not 

included in b . 

e 

D g is partially included in b and is 

also partially included in" ^ . 

^ a is the null vector X - (O o), which 

is not included in either b or 
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binary 

truth value of tlie/relatio n Z for inputs a» ^ 

( formula via contracted product ) for a general 2x2 matrix 


t(a Zb) 

<3 SS S £S 


««j(a{Zjb) = c = (c^, Cg) , 
where 

SSTVCSVA, Sl-iZ, 3VB) = SVC 
svc(l) = S3IKFT(SVA, SMZ, SVB) 

SVC (2) = SBINPr(SVA, SCOriP(SI'iZ) , SVB) 


This function S3TV is the general foimula for the truth 
value of ai SliS logical relation when v/e are given the four 
components of the 2x2 matrix Z corresponding to the connective, 
without specifying its logical xnature as being 'and’, 'or*, 

*equ', 'imp* etc. This has been used in the previous programs/ 
and is generally valid also for QLOGIC and GLGGIC for all 
values of H, K. ^ 

Hov/ever, a variation of this function is given below 
as SSTV2^which can be used when the logical nature of the 
connective is specified as Z(k, v/ith Z = A, 0, E,or 
as the case may be. The corresponding 2x2 matrices are all 
direct sums, direct products, or direct equivalences^ of two 
2-vectorSj and therefore the formulae are simpler to manipulate, 
particularly in GLCXJIC (see later)# 
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(xx) SNS truth value of a relation Involving the connective 

5(k, £) ioT inputs a, b (See Lecture 4, Series 2, p.l of MR. 


SSTV2(SVA, SMZ, SVB) = SVC 


IF SMZ « SMA.SK.SL 

SVC { 1 ) = BPDT tJSCPDTC SVA, SK) , SSCH2Ii( SVB , SL ; ) 

SVC(2) = BSUM(SSCPDT(SVA, SCOMP(SK) ) ^SCH)T(SVB , SCOMP(SL)) 


IF SMZ = SMO,SK,SL 

SVC(1) > BSUMI^SCEDTCSVA, SK),SaCH2r(SVB, SL)) 

SVC(2) = BPD!r(SSCHXr(SVA, SCCay[P(SK)),SSCPDT(SVB, SCOMP(SL)) 

IF SMZ = SME,SK,SL 

SKP = SCCMP(SK), SLP = SCOMP(SL) 

SVGA = SSTV2(SVA, SMA.SK.SL, SVB) 

SVCB = SSTV2(SVA, SMA,SKP,SLP, SVB) 

SVC(1) - BSUM(SVCA(l),SVCB(l)) 

SVC(2) = BPIir(SVCA(2),SVCBC2)) 

IF SMZ > SMI,SK,SL 

SKP = SCOMP(SK) 

SMZ o SMO,SKP,SL 


This subroutine is very much more in the spirit of 
orthodox logic, and should preferably be used for straightforward 
logical connectives of the type mentioned in the subroutine. 
However, both in SNS as well as in QL, general 2x2 matrices 

f and the previous subrout^ 

SSTV in (xix) will have to be invoked in such cases. 
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(xxl) Output of unary r eintlon ior g(k, vi^ 

■fcriith value ; ^|s(k/> Z )1= S* Z-®or 

SUNFT2(SVA,SMZ) = SVB 

IF SMZ » SBA.SK.SL 

BAP = SSCPDT(SVA,SK) 

SVB = SSVr)Pr(BAP,SL) 

IF SMZ = SMO,SK,SL 

BAP = SSCPDTCSVA.SK) 

SVB = SSVDSnCBAP.SL) 

IF SMZ = SMI,SK,SL 

BAP = SSCPnr(SVA,SCOMP(SK)) 

SVB = SSVDSM(BAP,SL) 


IF SMZ = SME,SK,SL 

SKP = SCOMP(SK) , SLP = SCOMP(SL) 

SVBA = SUNPraCSYA, SMA.SK.SL) 

SVBB = SUNPIZtSVA, SMA.SKP ,SLP) 

SVB » StraiON (SVBA, SVBB) 

(xxil)”|l3^^®o$r^or «i>creel £ • for checWnfL^'^eeme^ 

of two SNS terms : (alG|b)= c 
SMBG(SVA,SVB) = SVC 

BCA = BEQU(SVA(1),SVB(1)) 

BCB « BEQU(SVA(2) ,SVB(2)) 

SVG(1) = BPDT(BCA,BCB) 

SVG(2) = BCMP(SVG(1)) 
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(xxiii) Matrix-Boolean unary operators E, E, M, L 

These are simple operators, aefined analogously to 
quantifier logic, which have been found to be useful in 
SNS algebra also. In an obvious notation these are 

SEQUCSVA) » SVB 

SVB( 1 ) = SVA(1), SVB(2) = SVA(2) 

SNOT(SVA) = SVB 

SVB( 1 ) = SVA(2), SVB(2) = SVB( 1 ) 

SCOMP(SVA) « SVB 

SVB( 1 ) = BCMP(SVA( 1 )), SVB(2) = BCMP(SVA(2)) 

SELL(SVa) = SVB 

SVB( 1 ) BCMP(SVA(2)) , SVB(2) = BCIViP(SVA( 1 ) ) 

Three of these operators are equivalent to those already 
defined earlier, namely 

SEOJ <$^SME,S1,S1, SHOT SME,S1,S2, SCOMP ( li) 

However^ "tlie adop'tion of fhe naiDies given here# employing sin 5 ?l 6 r 
definitions given above, makes the implementation of many 
problems sin^^ler. In fact, even the analogous functions GEQU 
and QNOT arfe not definable in terms of CMZ,QK,QL in quantifier 


logic 
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Ijt^CheoklnK of the subroutine In practical problems 

The above list of subroutines in SNSLOGIC appear to be 
sufficient for all applications. A few problems are given 
below j including routine testing of subroutines, which will 
both check these, as well as illustrate their applications. 

In particular , the subroutines (i) to (xvi) for BVMF algebra 
are not checked as such, but their application in subroutines 
(xvii) to (xxiii) for SNSLOGIC is tested by working out truth 
tables and so on for logical derivations. 

Problem 1A 

Work out the 4x4 truth tables for the SNS truth values 
for a and b, 

T, F, D, Xjffor the 16 possible matrix connectives each, of the 
types A(kpy^), 0(k, E(k, i) and I(k, ^). Do this by using 

(a) subroutine (xix) — SSTV 

(b) subroutine (xx) — SSTV2 

and check the equivalence of each table obtained by employing 
the two functions SSTV and SSTV2. 

Print out the 4x4 truth values for the latter (SSTV2) for 
all of them and note the differences if any between SSTV and SSTV2. 
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Conclusions made from the output ot Problem _1A 

On checking for discrepancies between the 4x4 truth tables, 

it was found that the 3x3 tables for the states T, F and D 

were completely in agreement^ while there could be disagreement 

if either of the inputs s(a) or s( b ) is X. (See Table 1 

in the next page 16 for typical examples.) It will be seen from 

the table that^when either a or b is X , the output truth 

value is also X ^ uniformly for all connectivet^with SSTV. 

also 

On the other hand, it could/be either T or F with SSTV2. 

These two correspond to two different interpretations of the input 
state X c (O O) , namely^ as corresponding to “absent information* 
for SSTV2jand “contradictory information" for SSTV. (This 
will become still clearer when we discuss QLOGIC, where the 
differences between BA-3 states being used for describing the 
eight quantifier truth values , and for describing multi- 
component sets of upto three terms by 3-vectors (a^ a 2 
becomes prominent* In the former case, (p indicates an impossible 
truth value, while) the latter case, it only indicates the 


non-presence of ail the three terms in the set under consideration 
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a 

T 

F 

D 

X 


a 

T 

F 

D 

X 


i 

T 

F 

D 

X 


a 

T 

F 

D 

X 


Table 1 A Differences between SSTV and SSTV2 

Only the tables for A(1, 1), 0(1, 1), E(1, 1) 
and l(l, l) are given below, but the trend 


for all Z(k, 


SSTV 

b T F D X 

T F D X 

F F F X 

D F D X 

X X X X 


is reasonably clear 


SSTV2 

b T F D X 

T F D X 

F F F @ 

D F D (f) 

X © @ X 


(See Part 2) 


A(1, 1) = g A b 

© if i D s(2),b-X 
or 2 s(2),a = X 


T T T X 
T F D X 
T D D X 
X X X X 


T T T (?) 

T F D X 

T D D (?) 

© X (t) X 


0 ( 1 , 1 ) = 

© if i 
or b 


1 V b 

3 s(l),b=X 

2 s(l), 


T F D X 
F T D X 
D D D X 
X X X X 


T F D X 
F T D X 
D D D © 
X X ® X 


§(1» 1) = a b 

This has to be checke(3 
further after the two 
ways of defining E(k,£ 
in Problem 4.B^Cf are 
worked out* 


T F D X 
T T T X 
T D D X 
X X X X 


T F D X 
T T T © 
TDD© 
© X © X 


I(l, 1) = a b 

= '3i V b 

© if i 2 s(2),t-X I 
or b 3 s(l),a«X 
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Similarly, compare the outputs of SUNPHT and SUNPT2 for 
the unary relation a 2 = b for all the connectives Z(k,^) 
kf £ a 1 to 4, for 2 a A, 0, I, E • 

Comment on the output of Problem 1B 

Just as for the comparison between SSTV and SSTV2, in 
output ]2 of the 

this case also, the/ two subroutines SUNPDT and SUNPT2 agree 

§* 

for the -three Inputs /T, F, for all connectives Z(k, 
but for X as input, they do not agree sometimes* Some 
typical examples are given in Table 1B* 

It will be seen that the two agree for A(k, I) and E(k,^) 
and this is true quite generally. However, for g(k, Z) and 
I(ic, i')^for X as input^ SUNPDT gives X as output j while SUNPT2 
always gives s(i) as output. This is also explicable by the 
same considerations as mentioned above for Problem 1A. 

We shall give In problems 2 and 3 the way in which a set 
of sequentially implementable BVMF equations can be worked out 
in FORTRAN for MATLOG. The examples are taken from previous 


lectures* 
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Table I B; Differences between SUNPHT and SUNPT2 

Chosen examples ar*e given below and a summar'y o£ 
the observations is given in the text . The iirst 
columns correspond to SUNPDT and the second to SUNPT2 * 



A(1, 1) 

A(1, 2) 

A(1, 3) 

A(1, 4) 

T ' 

T 

T 

F F 

B B 

X X 

F 

X 

X 

X X 

X X 

X X 

D 

T 

T 

F F 

B B 

X X 

X 

X 

X 

X X 

X X 

X X 


0(1, 1) 

0(1, 2) 

0(1, 3) 

0(1, 4) 

T 

D 

D 

B B 

B D 

B B 

F 

T 

T 

F F 

B B 

X X 

D 

D 

D 

B D 

B B 

B B 

X 

X 

© 

X @ 

X © 

X X 


0(2, 1) 

0(2, 2) 

0(2, 3) 

0(2, 4) 

T 

T 

T 

F F 

B B 

X X 

F 

D 

D 

D B 

D D 

B D 

D 

D 

D 

D D 

D B 

B B 

X 

X 

© 

X (F) 

X ® 

X X 


1(1 

, 1) 

1(1, 2) 

1(1, 3) 

1(1. 4) 

T 

T 

T 

F F 

B B 

X X 

F 

B 

B 

B B 

B B 

D D 

B 

D 

D 

B B 

B B 

D B 

X 

X 

© 

X 0 

X ® 

X X 


E(1 

, 1) 

E(1, 2) 

E(1, 3) 

E(1, 4) 

T 

T 

T 

F F 

B B 

X X 

F 

F 

F 

T T 

X X 

B D 

D 

D 

B 

B B 

B B 

B B 

X 

X 

X 

X X 

X X 

X y 
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Problem 2 

Take the argument given in l^ect ure-3, 3eries-3, pa^^e 20, 

The iormulae in BVMF and in FORTRAiNi for MATLOG are Given below. 

The output data are to be printed out in the format given* 

T, F for 

INPUT/sVA, SVB. SVC 

i 4 S = i == SSTV2(SVA, SHA,S1,S1, SVB) 

2, c 0 b = h SVH =: SSTV2(SVC, SM0,S1,S1, SVB) 

3. T = x" SVXPP = S1ii^ 

SVK = SUNPI:T(SVG, Sr:i,S1,3l) 

5. h 1(1,2) = SVY = SUNPDT(SVH, SKI ,31 , 52) 

6. h A k = X’ SVXP = S3TV2(3VH, SI1A.,S1,S1, SVK) 

7. xVV x'> = X SVX = SVIDyA(3VXP,3VGCPP) 

PRir^T SVG, SVH, SVXPP, SVK, SVY, SVXP, SVX 



8 


F F F 
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Solution of Problem 2 


The output as given by the program for this problem Is 
given below. It can be verified that it agrees completely 
with the table given In Lecture-3# Series-3 for this problem. 


xpp 


XP 


T 

T 

T 

T 

F 

F 

F 

F 


T 

T 

F 

F 

T 

T 

F 

F 


T 

V 

T 

F 

T 

r 

F 


T 

T 

F 

F 

F 

F 

F 

F 


T 

T 

T 

F 

T 

T 

T 

F 


T 

T 

T 

T 

T 

T 

T 

T 


T 

T 

D 

D 

D 

D 

D 

D 


F 

F 

F 

D 

F 

F 

F 

D 


T 

T 

D 

F 

D 

D 

D 

F 


T 

r 

T 

X 

T 

T 

T 

X 


It so happens that the only output, SVX, is either T,or X, 
but this is not generally true. Also, note that the state D 
occurs as an intermediate output, e.g. for SVK,SVY and SVXP, 
and F occurs tor all other intermediate outputs (SVXPP is an 


input). See the text of Lecture 3, Series 3 for further discussion 
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Consider the problem given in pages 34, 36 of Lecture-3,Seriu 
The FCDRTRAIvI formulae are giv en/^ISS they have already been 
arranged for sequential implementation, with the six stages as 


marked • 


IIMPUTS 

SVA1, SVA2, 3VA3, 3VA4 


SVB1 = 

SUWEDT(SVA1, Si'll, S1, SI) 

(1.1) 

SVC1 « 

SSTV(SVA1, SM0,S1,S1, SVA2) 

(1.2/,'- 

SVBfii « 

SIJKPD!r(SVA3, SMI,S1,S2) 

( 1 .3) 

SVD2P 

SSTV(SVA3, SM0,S1,S1, SVA4) 

(1.4) 

SVC2 « 

SSTV(SVA2, SMA,S1,S1, SVBl) 

(2.1) 

SVD1 = 

SSTV(SVA3, SM0,S2,S2, SVC1) 

(2.2) 

SVD2P^ = 

SSTV(SVD1, SMA,S1,S1, SVB2) 

(3.1/7 

SVE1P = 

SU1\'PDT(SVC2, SMI, SI, Si) 

(3.2) 

SVD2 « 

SVIDYA(SVD2P, SVD2PP) 

(4.1) 

PRIIQT * 

^ ^ IF SVIDYA = X, STOP 


SVE1PP = 

SUNPDr(SVD2, SKL, S1,S1) 

(4.2) 

f 

(5.i: 

SVE2 * 

SSTVCSVA4, SM0,S1,S1, SVD2) 

SVE1 == 

SVIDYA(SVE1P, SVE1PP) 

(5.2 

HUNT 

^ IF SVIDYA « X, STOP 


SVE 

SVIDYA(SVE1, SVE2) 

(6.1] 


PRINT ^ IF SVIDYA = X, STOP 

The output is to be printed out in the same manner as Problem 2 
With spaces between the different stages. 
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For ready reference, the classical logic equivalents 
of the MAILOG equations (1.1) to (6.1) are given in CL-1 to 
CL-11 helow. 


a1 b1 

(CL-1 ) 

a1 V a2 0.1 

(CL-2) 

a3 — ^ -nsl 

(CL-3) 

a2 A b1 c2 

(CL-4) 

—\a3 V "~lc1 <$-^d1 

(CL-5) 

-igi — — ita 

(CL-6) 

d1 A b2 d2 

(CL-7) 

a3 V a4 d2 

(CL-8) 

c2 — %> X 

(CL-9) 

d2 — ^ X 

(CL-10) 

a4 V d2 X 

(CL-11) 


It should be noticed that CL-7 and CL-8 both hawe the same 
output 42 , and should therefore be checked for consistency, 
and similarly, CL-9, 10, 11 , all of which have the same output 
Xj should also be tested for consistency. 

The logical graph of the CL statements, and their modification 
in BVMF by Including vidya checks) is contained in Fig.1 on page 

details Lecture-3, Series-3 may be referred to. 


21b. For further 
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Solution of Problem 3 

Just as in the case of Problem 2, for this problem also» 
the computer output fully substantiates the results worked out 
manually in Lecture-3t Series-3. The output is given in the 
next page. There is a small difference in the logical graph 
in that ^ is the input in (4.2)^ instead of and there 

are minor differences as a consequence, but no changes in the 
occurrence of contradictions. The predictions made in 
Lecture-3, as to which of the 16 possible inputs will lead to 4 

contradictions, and which will not, are fully verified. 

^ for Problem 1, 

In view of the discussion given aboveyj some additional 

problems in SNSLOG were worked out and are described below. 

4. Additional problems in SNSLCXr 

A fuller analysis of the differences between SSTV and 
SSTV2^ and between SUNPDT and SUNPT2jWill be given in Part -3 
while dealing with GLCXrlC^ after considering also similar 
differences found in QLOGIC and GLOGIC. In essexx:e, the two 
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functions are not logically equivalent and therefore, not 
identical, hut they do not lead to any differences in the 
predictions for classical logic using BA-1 truth values. 

However, their difference becomes manifest in SNS and QLOGIC 
employing BA-2 and BA-3 algebra, and particularly so with 
m X n matrices in GLOGIC. A general discussion is given in 
Part 3, Section 5 , but we shall consider below two or three 
examples in the form of problems to illustrate the merits; 
and consistency; of the matrix formulation in SNS logic. These 
will be followed up for QLOGIC and later for GLOGIC. 

Problem 4A 

The following two equations (1) and (2) have been 
implicitly used in our studies with BVMF so far. A discussion 
of these will be given in Part -3, which will also indicate 
their limitations, as well as the conditions under -vdiich they 
are valid. 

V (a Q b) - a (P ® Q) S (1) 

^2 £ A (a Q b) - a (P @ Q) b (2) 

The l.h.s of Eqs (l) and (2) are the disjunction and conjunction 

respectively of the truth values of the relations g £ t 

and a Q b, connecting two terms § and ^ via two different 
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relations P and Q. However, in BVMF, these can he converted 
into single relations a R b and a ^ » respectively with 

“ S S * this can b® 

verified, for the inputs T and F for g and b , in all cases. 

Obviously, these are the only states that are valid in 

classifal logic^and it would appear as if the extension to 

SNSLOGIC in Eqs.(l) and (2) would be valid generally. However, 

a coii5)lete test of this* made by enpldyl^' the . subroutlneis^^dn 
this is not always true. 

MATLOCr, Indicate that/ This was done by using the following 
MAILOG equations for checking the validity of Eqs.(l) and (2). 

SSrV(SVA,SMP,SMB) . SWP 
SSrV(SVA,SMQ,SMB) . SWQ 

SSTV(SWP,SM0,S1,S1,SWQ) « SVR1 
SMXSUM(S(&>,SMQ) « SMR 
SSTV(SVA,SMR,SVB) x SVR2 
SMBG(SVR1,SVR2) « SVG1 

SSTV(SWP,SMA,S1 ,S1,SWQ) = SVR3 
SMXPr)fr(SMP,SMQ) X SMRP 
SSTV(SVA,SMR]5SVB) x SVR4 
SMBG(SVR3,SVR4) x SVG2 

The cheoks to be made can be given as follows. 
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Compare the 4x4 truth tables of SVR1 and SVR2, and of SVR3 

as inputs 

and SVR4, for F, D, X /for the truth values for SVA and 
SVB^and print these^ as well as the truth values SVG1 and SVG2 
of the agreement between these, for the following pairs P,Q : 

A(1,1),A(1,2); A(1,1),A(2,1);A(1,1),A(2,2); A(1 ,1) ,A(1 ,3) ; 

A(3,3),A(4,A); 

Q(2,1),0(1,2); 0(1,1), 0(2,2); 0( 1 ,l) ,0( 1 ,2) ; 0(3,1) ,0(3,2) ; 

0 ( 1 , 3 ), 0 ( 1 , 4 ); 

E(1,1),E(1,2); E(1,3),E(3,2); E(l ,4) ,E(2,l) ; 

1(1,1) ,1(2,2); 1(1,2) ,1(2,1); A(1 ,1) ,0( 1 ,1) ; A(2,1), 0(1,2) 
0(1,2),A(1,1); 0(2,2) ,A(1,1); 0(3,4) ,A(1 ,2) ; 0(3,3) ,A(2,1) 

Comme n ’ s on the output of Problem 4A 

Some typical examples of the outputs obtained in the 
above tests are given below in Table 3* In all the outputs, 
wherever G1 or G2 is F, showing disagreement between the l.h.s 
and r*h.s of Eq.(l) or (2), a ring has been put round this 
entry. It will be noticed that the rings are very few and 
far between, but it would be highly desirable to obtain 
definite rules for identifying their occurrence. Therefore, 
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* ( 1 . 1 ) , A ( 1 . 2 ) 

A B Fl R2 G1 «3 R4 G2 
IT TTT Ffl 

IF III Ffl 

in D I 0 D F 0 

lx XXT XXT 

FT FFT FFT 

f F FFT Ffl 

f 0 FFT Ffl 

f X X X T X X 1 

XT D DT FFT 

CF DDT FFl 

X n D D 1 C F © 

CX XXT XxT 

XT XXT XXT 

XF XXT Xxl 

XD XXT XXT 

XX _^XXT XXT 

disackee disagree 

Table 3(a) 
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ACl.lJ 


1 

f 

t 

F 

F 

C 

C 

c 

L 

> 


n 

T 

F 

D 

X 

1 

F 

n 

X 

T 


F 

n 

X 

T 

F 

n 

X 


0 

0 

0 

X 

X 

X 

X 

X 


A(2.2} 

R1 R2 Gi 
TIT 
F F 
0 0 
X X 
F F 
T T 
D D- 
X X 
D 
0 


0 

X 

X 

X 

X 

X 


T 

T 

T 

T 

T 

T 

T 

T 

T 

T 

T 

1 

T 

T 

1 


Hi R4 G2 
F F T 
F f 
F 
X 
F 
F 
F 
X 
f 
F 


F 

X 

F 

F 

F 

X 

F 

F 

C 

X 

X 

X 

X 

X 


T 

1 

1 

T 

T 

T 

1 

1 

I 


F © 
X T 
X T 
X T 
X T 
X T 


AGKEE DISAGREE 
R . E(1, 1) 
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Table 3(b) 
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3 R B1 R2 G1 R3 R4 G2 

IT Til III 

IF I T T. F F 1 
ID TIT Del 

IK XXT XKT 

FT F F 1 F f 1 

FF FFl FFI 

FD FFT FfT 

FX XXI XXl 

Cl DOT Del 

CF DOT FFl 

CD DDT D C I 

CX XXI XX I 

XT XXl XXl 

XF XXI XXI 

xn XXl XXl 

XX XXl XXI 

AGREE AGREE 

P C Q • 



Table 3(c) 
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A B 

1 T 

1 F 

1 n 

I X 

t T 

t* F 

t n 

f X 

C T 

C F 

C D 

X 
T 
F 
D 
X 


R 1 R 2 Gi 
TIT 
TXT 
T T T 
X X T 
T T T 
T T T 
T T T 
X X T 
T T T 
T T T 
0 10 
X X T 
X X T 
X X T 
X X T 
X X T 
DISAGREE 


R3 H4 G2 
T T T 
F f T 
D C T 
X X T 
F F T 
T T I 
C C T 
X X X 
D C 'X 

i; c X 

E C T .. 
X X T 
X X T 
XXX 
X X T 
XXI 
AGREE 

R» «E(1, 1) 
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Table 3(<i) 



C(i.l) . 0(1.2) 

i) B B1 H2 G1 

IT TIT 

I F T T T 

ID T T T . 

IX X X T 

t T ’ITT 

F F TIT 

F n D T (£) 

F X X X T 

-C T ITT 

X F ITT 

to D I 0 

XX X X T 

XT X X T 

X F X X T 

X D X X T 
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H3 R4 G2 
TIT 
I T I 
III 
X X T 
F F T 
F F 1 
D F 0 
X X T 
Del 
Del 
Del 
XXI 
X X 1 
X X T 
X X I 


^ ^ XXI XXI 
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IPI - 


1 1 

1 * 0. 


iQl - 


IRI - 




iR'l « 


/1 

lo o; 


Table 3(e) 
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A H 
i T 

■J F 

i 0 

J X 

T 

f F 
t 0 

t X 

L 1 

1- y 

c n 

i X 

X T 

> F 

X 0 

X X 


HI H2 c;j 

T T T 

X X f 

T a T 

A X 'I 

t' y T 

T X T 

U L) T 

A A I 

DOT 
T r I 

U D I 

A' A T 

A X T 

A X T 

A A 1 

A X T 


H -■? ^ Cl 2 

F t I 

J f T 

C L’ 'X 
A X X 
t- f X 

K f I 

F t X 

A X X 

F F X 

fJ C I 

3 l: 1 

A A X 

A X X 

A X T 

A A 1 

X A 1 


( 


IPl 

iQl 

iRl 

iR’h 


1 
1 

0 1 

0 0, 


AGREE /. .. AGREE /i ■ 

c 

£ * Q P and Q have two 1 • s in a row 
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Table 3(f) 
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Pi R 
1 T 
1 F 
1 D 
1 X 
F T 
F F 
F 0 
F X 
C T 
C F 
C D 
C X 
X T 
X F 

X r> 

X X 


ru H2 Gi 
T T T 
T T T 
T T T 
X X r 
T T T 
ITT 
T T T 
X X T 
X T T 
T T 1 
D T 0 
X X T 
X X T 
X X T 
X X T 
X X T 


H3 R4 G2 
F F T 
T T T 
D C T 
XXX 
X '1 X 
F f X 
OCX 
XXX 
D C X 
DUX 
OCX 
XXX 
X X X 
XXX 
XXX 
X X X 

aghje:£ 

R* - 1(1 • 2) 





Table 3(g) 
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.C(l,2) 


A 

1 

1 

1 

1 

f 

F 

F 

f 

C 


B 

T 

F 

D 

X 

T 

F 

n 

X 

T 


■C-'"' F 

C D 
L X 

X T 

X F 

X D 

X X 


. ACl.l) 

R1 R2 G1 
T tr 1 
T T T 
i 

X 
F 
T 
0 
X 

D £) I 
T T T 
DOT 
X X T 
X X T 
K X 1 
X X T 
X X T 
AGREE 


T 

X 

F 

T 

D 

X 


a 

t 

T 

T 

T 

T 


K3 H4 G2 
T 1 T 
F F 
D C 
X X 
F f 
F F 
F f 
X X 
C D 
F F 
D C 
X X 
X X 
X X 
XXI 
X X4 I 
AGREE 


T 

1 

I 

1 

I 

I 

I 

T 

T 

1 

T 

I 

I 




R ^ 


lR»l 


1 1 
P 1 
1 tf 
0 0 



\0 1 


1 0 

0 0, 


P Z) Q 
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Table 3(h) 
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we shall first focus attention on those cases where there is 
complete eigreement between the left- and right-hand sides 
of Eq.d), or (2). These are marked by the entry "Agree" 
below the corresponding table* On looking at these, it is 
found that the agreements occur only if one of the following 
three conditions occur : 

(a) The condition 1 p131q1, \p1 C 1q 1, is satisfied, 

when both sum and product agree. 

, p. and |p 1 and Igi have two 1»s 

(b) The condition IPl « jo lis satisfied,/ when also 

both sum and product agree o 

(c) The matrix of the resultant operator R, or R* , 

is IglprlMl , in which case either sum or product 

agrees, whichever leads to the '^equivalence" operator 
E(k,i), k, 1,2. 

Very similar conditions are found to be true also in 
QLOGIC and still more generally in GLOGIC, for ^(k, , and 

a theoretical ^justification of these is given for the general 
case in Part 3. 

Thus, Eqs.(l) and (2) are not valid for SNS truth values 

as a general rule, but only under the restricted conditions 

given in (a), (b) , (c) above. However, as will be shown in 

Part 3, for "Boolean truth values" defined by the function 

BTV(sVA,SM 2,SVB)4=^SBINPT(SVA,SMZ,SVB) - SVC, which corresponds 

to the Boolean algebraic equation <§lzlb>« c « BTV, the 

analogue of Eq.(l) using the Boolean sum is always tixie, while 

that of Eq*(2) employing the Boolean product is not necessarily 
true* 
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However, for the standard logical connectives E(a E(1, 1 )) 
and N « («= E(1, 2)), which can be defined both as conjunction 
and disjunction of relations involving A(k,^) and 0(k, ^) , 
both Eqs.(l) and (2) are valid. Thus, three different ^ but 
equivalent^ definitions of E(1, 1) can be given, as in (3a), (3b) 
and (3c) below: 

E(1, 1) = |s(l)> ^s(l)) (3a) 

- A(1.1) @) A(2,2) (3b) 

- 0(2,1) @ 0(1,2) (3c) 


All of them lead to the same matrix as shown in 4(a,b,c). 


1 O 
0 0 
1 0 
1 1 


S (1 0) 


0 0 
0 1 
1 1 
0 1 


1 o 
0 1 
1 0 
O 1 


(4a) 

(4b) 

(4c) 


In fact, the general definition of E(k,X) as SME,SK,SL holds 
in a manner very si mi lar to Eqs(4a,b,c), as was verified by 
detailed computer checking vlg MATLOG using Eqs.(5a,b,c) below 
and the subroutine SSTV employing the BVMF binary product 
** i ^ algebraic checking of this^ following the 
pattern in Eqs.(4a,b,c)j is given in Table 4 below in the section 
dealing with comments on Problem 4B. 
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This means that the ten standard connectives, A(k,/ ) , 
g(k, 1) andEd, 2))canbe treated .freely 

usixig the SSTV formalism without any difficulty- 

Proht^em ^^^gr -to check this for all E(k, with k, ^ — 1 to k, 
the results given hy three ways of defining the equivalence 
operator as given in Eq.(5) below, can be tested via ’the KAILOG 
statements following them. 


E(k,i) - |s(k)^ <^- 1 ^ <(s( ..^)( 

(5 a) 

E(k,^) - k{X,£) @) A(k°, 

(5t>) 

E(k, i) - Q(k®i) fi(k , ^) 

(5c) 


SVC1 = SSTV(SVA,SME,SK,SL,SVB) (4a) 

SVC2 - SSTV(SVA1,SM0,S1,S1,SVA2) (4b) 

where 

SVA1 = SSTV(SVA,SMA,SK,SL,SVB) 

SVA2 « SSTV(SVA,SMA,SCOMP(SK),SCOMP(SL),SVB) 

syc3 - SSTV(SV11,SMA,S1,S1,SVI2) (4c) 

where 

SV11 1. SSTV(SVA,SMO,SCOMP(SK),SL,SVB) 

SVI2 - SSTV(SVA,SMO,SK,SCOMP(SL),SVB) 

Make the check for all |(k,^), k, 1 to 4 and print 

them. Verify that t3ae three values SVCI, SVC2 and SVC3 agree 
in each case • 
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It is found that the three different ways of defining 
E(k, , as in ( 5 a), ( 5 t>) and ( 5 c) ^ lead to identically the 
same truth values for SVC 1 , SVC2 and SVC3 ) for all k, and for 
all combinations of SVA and SVB. This can be seen even more 
clearly^ from the matrix formalism viewpoint , in Table 4 ^ where 
the extension of the definition of E(k, ^),from E(1, 1) and 

E( 1 , 2)jto all possible combinations of k, ^ is illustrated. 

The three ways of defining E are given respectively in columns 
3, 2 and 4. It is very int<?>resting to note that^ formally^ all the 
possible matrices of the t 3 rpe E(k, £) cover the eight 2x2 
matrices that are left^ after considering A(k, ^) and 0(k, /^) 
for k,/« 1, 2. It is also reassuring to note that the formal 
Boolean algebraic definition of the logical operators 0 and E 
as Boolean direct product, direct sum, and direct equivalencej 
of SK and SL is completely valid in the extended BA-2 algebra. 
Problem 4C 

In a similar manner, the problem in 4B can be checked 
using SSTV2 formalism. However, in this case ^Eq. (5a) has no 
description via SSTV2,and therefore only the possibilities ( 5 b) 
and (5c>) need be tested. This can be done by using analogous 
MATLOG statements as those given for Problem 4B, but repiacihg-^he 
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*For equal to (3» 1) ajod (4, 1), the other two 

possible 2x2 matrices P and will be 

^1 Oj , Vo 1 / 

similarly obtained for the matrix j E(k, £ )j. 

t It may be verified that the condition (a) -iOr (c)^ 
derived from Problem 4A; is satisfied in all the 
cases, provided we also note that, for all P , 

G - '=(o sv 
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symbol SSTV2 by SSTV In all places. Calling these outputs 
lor (5b) and (5c) as SVC2P aoid SVC3P respectively, Pix^blem 4C 
can be stated as follows. 

Make the calculation for all E(k, ,^), k,^ *= 1 to 4 
with SSTV2 and print the results for SVC2P and SVC3P in each 
case. Check them for agreement. 

Comments on Problem 4C 

♦ 

The full computer output has not been obtained yet, but 

the essential features are evident from a consideration, of 

the simple example of g(l, 1). It is found that the 4x4 

fully 

truth tables as given by SSTV and SSTV2 do not /agree, and 

what is more, the two different definitions in Eqs. (5b) and 

(5c) which can be programed in SSTV2 do not themselves fully agree 

with one another. Table 5 below contains the full 4x4 truth 

tables corresponding to Eq.(5a), using SSTV, and for Eqs. (5b), 

(5c), using SSTV2. Although for T, F and D there is complete 

agreement between all three tables, the two entries for 

(D, X) and (X, D) are completely different in the three cases — 

namely, equal to X for SVC1 , F for SVC2P and T for SVC3P. Thus, 

appears that the extension from classical logic into the 

*This has been obtained and will be discussed 
in the appendix to Part III, MR-62. (Added 10.9.87). 
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Table 5. 

Como ari son 

of 4x4 • 

truth tables 

for E( 1 . 1) calculated 


via the 

subrout ine 

SSTV2 for SWC2P and SVC3P___ 

with 


that for SSTV 









SVC2P 


SVC3P 


(in SSTV) 


(in SSTV2) 

(in SSTV 2) 

m 

llo* 

T F 

D 

X 

T F 

D 

X T F 

D X 

T 

T F 

D 

X 

T F 

D 

X T F 

D X 

F 

F T 

D 

X 

F T 

D 

X FT 

D X 

D 

D B 

D 

X 

D D 

D 

(f) d d 

D ® 

X 

X X 

X 

X 

X X 


X XX 

© X 


*SVC2 and SVC3 con^letely agree with the table ior SVC1. 


BA-2 algebra of SNSLCXJIC is consistent only for the matrix 
formalin and leads to inconsistencies if it is extended via 
truth values. Although the discrepancies occur only for the 
extremely artificial situation of the input and output being 
tautology (D) and contradiction (X) respectively, still, for 
mathematical consistency, one should expect the algebra to give 
identical results. It is not yet clear whether any logical 

redefinition of the functions SSTV2 could lead to complete 
consistency between different ways of defining the equivalence 
operator. This should be discussed after similar problems are 
considered in QLOGIC and GLCXJIcl 

They are fully explicable (See MR-b2, appendix). 
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Qu ant r ^iXi^E 

(a} General 

The theory of quantifiers in EVr*T has heen developed 
first in MR-23A which has been published in Current Science 
(Fart-s I and II , Vol 52, pages 292 and 335, 1983). Since 
then, it has undergone several revisions, e,g« in h?w“33, A5 
46 a, 48, 49, 50 end 51. Ko’>vsver, a definitive treatment of 
the theory of quantifiers v/e lb -formed formulae in ShSLOG 

,v/8,s given in IiR*~52, and this laid the basis for the distinction 
between QL~1 and QL-2 as two standard types of relations In the 
BVMF description of quantified statements. The essential differences 
bet’ween these tv/o are indicated by the follov/ing equations. 

OL-1 ; (q^x) (|X |(k, >^) bx) , e.g. (3x)(§x bx) 

QL-2 : ^ Z(k, ^ , e*g. (Vx)(|x) ( 3 y) (by) 

The treatment of these two types In BYIcF algebra are clearly 

different. The latter, which is first considered, can be jjnplementeG 

in exactly the same manner as SNS, but using 3~vectors and 3x3 

basic states 

Boolean matrices. For doing this, a set of three/ (l 0 0),(0 1 O), 
(0 0 1), denoted by »*For all*’, **For seme", "For none", are used, 
and these lead to the eight pcssibls quantifier stales 01 to Q3 




■ Mi«?L0G=»2 

\vhich are described In MR.-52# The implement atlon In QL-2 
is particularly fully treated in i-iR- 53 , and the i-rnplGroentation 
in QI.-1 in MR-54. These are reviewed and summarized in h;R‘»- 56 , 
Lecturei 3 and 4, Series 2. 

In our treatment below, v;e shall designate CL -2 as 
QLOGIC and QL“*1 as PLOSIC. In the Csise of QL -25 'Ihs a-Igebralc 
subroutines are Identica*! with those In SMS (i) to (xvi) and 
tl'jey are briefly noted here, but the logical subi-outines are 
described, .in fuller detail. 

. ,(b L...?-s>RteM„_a.l£ebraic 

These formulae are equally valid for QL -1 and QL-2 ^ 
and are the basis for the implementation of quant if 5 a? states 
in £VMF. As already mentioned, they utilize Boolean 3-vectors 
and Boolean 3x3 matrices. The basic 16 subroutines in SNSALG 
can be taken over practically unchanged for the CbCGIC also. 

The names of these are listed belov;, but only brief details are 
giveni since they could be obtained by x'-epiacing the names of 
vectors, matrices^ and functions, of the fcra S>3CO;3C^ by QiCXXXX j 
and remembering that K K s 2 for the icr'-^er get changed to 
K K 3 the latter. The .synlols adopted for c rrm r r' 

Tl..C>iIC ai-e aiven in Table 1 . 
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T^able. .. l<t_P.e s^ri^t.i on of. quantifier state s_ I n thg 


Description 

Mane 

printed 

Symbol 

in 

program 

Description 
in 3A-3 

Symbol 
in QBA 

Description in 
standard logic 

For all 

ALL 

G1 

(1 0 0) 

V 

(Vx)(|x) 

Mot for al-l 

MAL 

Q2 

(0 1 1) 

A 

~1(V x) (|x) 

For soiiie 

SOM 

Q3 

(0 1 o) 

1 

(3 x)(|x) A ( 3 x) C’lix 

All or none 

AON 

Q4 

(1 0 1) 

0 

(V>:)(ix) v (Vx)(n^x. 

1 

Not exists 

MIX 

Q3 

(0 0 1) 

5 

■'”'1 0 x) (gx) 

There exists 

EIS 

Q6 

(110) 

3 

(3 x) ( ax:) 

Indefinite 

im 

Q7 

(1 1 1) 

A 

(3 x)(|x)\/ "^(3-x)(ax) 

Impossible 

or 

Contradictory 

XXX 

Q8 

(0 0 0) 


(3 x) (|x)A 'd(3 x)(ax) 

1 

i 


The inatrix corinectives QI-iZ(I,J) are 3x3 matrices, with 
I,J = 1, 2f 3 ar.d ti^ quantified tenss are 3-vectors QVaCI), 
I = 2, 3 wMch can be any one of the eight BA-3 states 

Q1 to Q8. The states Q1 , Q3, Q5 form the generators of the 
BA“3 algebra and are called ^basic states*^. The logical 
connectives are defined 

in a mamer closely similar to the SKS |(k,^) — e.g. 

laAjOKj'X = uGf;.fT(QK , QL ) (See (xi) below) 
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The subroutines for the i:57^-3 operators (l) to (xvi) 

L'ti" 3 a S f O X I O V/ 8 , 


a b “ c 


c ( i 


X,i) of two y ec tors 

QUl^ION (qYA.QVA) - QVC 

5SuM (GVA(1) ,G¥B(1)) == aVC(l) 

BS'JH (CVA(2),GVB(2}) = QVC (2) 

BSUM (eVA(3),QVB(3)) = QVC (3) 

QVXIiYA(CVA,QV3) = OVC 

BPrjT (QVA(i) ,QVB(1)) = QVC(1) 

3PDT (GVA(2) ,GVB(2)) = QVC (2) 

BPHT (QVA(3) ,QVB(3)) =wVC(3) 

QCOI-iPCQVA) = QVB 

BCliP (GVA(1)) = QVB(1) 

3CI-iP' (aVA(2)) = QV3(2) 

&C!v3> (qVA(3)) = QVB (3) 

(iv) Bool ean sum of tv/o matrices ^ ^ _ 

Q3C<SUl^(Q;-'iP,®iQ) = QI-iR 

BSUI4(QI-P(I,-J) , Qi‘ffi(l,C)) = QI''21(I,J), I, J = 1, 2, 

-Cy 1 Ji'ZAiiviSi-., 

aDCK/r(a. 


u 


lion) 


: ' V p__E g t ri_c_es 
:cX == ;:r'4R 


Q = R 




V = vidya) 


3 
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QG .-(fil'vip) QlvJQ 

3CMP(aiP(l,J)) - QMQ(I,J), I == 1, 2, 3 

(v iil,.,,.. Sc a^r^ j/rp^^ 

I '£'!> c ^ a.^j & b^ 0 ® ^2 ® ^3 ® ^3 

QSCHDT(CXAsGVB) ^ BC (Note Boolean scalar 

on the rsh^s) 


/k\^ \ = <$> Zjj = , i,o 

QUKPDT(QVA,QMZ) = QVB 


1 , 2,3 


the iriatri x vectors 

<4 ! Z 1 b> = c ; 0 0 a. ® Z. . ® b. = c , i,c) = 1,2,3 

- i j J 

C 3 INP'T ( QVA , QK;Z , QVB ) = 3 C (K ot e B oo le an ^ sc al ar 

on the r^h.s) 


,., ,.. ■ pr^uct„.._,qf,^ tijo malices ® ” ^Ik * 


tjJjk — 1 , 2 , 3 


a 4 A:rpr(QMP,(^Q) ^ am 


(xl) Blrect product of two vectors ^ ~ 2 . 

ODIRI^CaVA.QVB) == QN 2 
GKZ(I,J) =r lPIir(aVA(I) ,QVB(J)) 

(xllX . _ Dir-ect su.;£ of tv; o.. ye c tore. a "h b s= 2 

iDIRSi-HGVAjQVB) ^ GAB 
CAB ( I , J ) .. B 3 i ::4 ( CVA ( I } , QvB ( J ) ) 


a^: 
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(xlii) Mrsct of two v,c:vt''J?!.s (a -- 's) “ 5 

QS.lKEQ(WAs®B) = f:WZ 

- BX:«(tJ7A(l),OT3(J)) 

C xiy ) . GceBs,,y;:f¥ ec;tor^ a X b - c 

C'S^OPf f BA i C.Vfi ) b» aVC (Nets RA ca tha l.;b,3) 
CaBG(I) Br^XCPAfCvBCI)) 

(x?) . _ Sc«l ar:tttct 4 V' a 'i- b » ^ 

QS'VGXNNX'AsQ'v’S) ^ GVC (Nets EA on ti:.e l;h,.s) 
cvcii) 1. B5':B'(BAiava(i)) 

Qi'RANS(a^p) ® c;^Q 

(:i4Q(Igj) S U4P(j^l)j I g J 2S 1g 2 


(c) _ T-oj^ical, ope^^t&rs 

Sl^.ilar to the SRS logical functions described in Section 2(b) 
of Part I, the corresponding QL-2 functions, using Q1 to Q8 
for the constants, can be defined* These are as follc'^s* 


(jfflii) _MatrlJc___el84mants of logical connect iTeg 

-0 • 0> • k, 4 - 1 to 8 

C«AlgLCQfK,QK,QL) = Gim{I,J) 

Replace S by Q, and use QK,(X with KjL » 1 to 8 in (>3?li) of SKSLOG 
For CKA,QK,Ob, Ca® s* COIRPr(oKj QL) 


For GW.QKsOL, 

For -.-'Bir.K.QL, cm 

For I'l' , 'Vi ; At j ':m 


( 3 >ISSK(QKsQL) 

■■:01BiO(C:X,GL) 
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Relative truth value of one quantified term 

fqr_ another : t(^l b) = ( ^ I 'd^ » ^ I 1^^^) = (c-j , C 2 ) = g 

QRliLTVCQVA.QVB) = SVC (Kote SfJS in r,h,s) 


SVC(1) = QSCPDT (QVA.GVB) 

SVC(2) = QSCPDT (QVA,QCOKP(Qv'B)) 

Input i s in QL--2, output is in SKS 


_( X t J5f_a 

i riTPut s *• ^2^ 

» ^2 ~ ^ ^ 

Q3TV (QVAjQKiZ jQVB) = SVC (Note SNS in r.hos) 

S¥C(1) - QBINPT(QVAsa'^IZ,QVB) 

SVC(2) ^ QBINPT(QVA, a^iXCI^lP(QMZ) ,CVB) 

£xx) _ . .ffl j ^ relation i nvolving the QL-»2 

logical connective ^(k, X) for inputs £ 

t(a Z b) = c for 2^ = via relative truth values 

QSTV2(QVA,aHZ,QV3) = SVC (Note SNS in r.h.s) 

yMz. = QI'iA j QK j Q xj etc « (for 2^ ~ 

If Qi^IZ = Q!-LA,aK,QL 

svc(i) « EPis^(ascpnr(QVA,QK) , qscpdKqvb^ql)) 

S¥C(2) = BSUM(QSCPOr(aVA,(X:OKP(QK)), 

Qscpixr ( ovB , oioMP ( a. ) ) ) 

X f J iuK s Qh 

SVC(1) ^ ?SlIv(C>SGPnr(QVA^SK) ,QSCPiS:^(QV5 jOL)) 

3VC{2) BPurCQSCPm:(QVA,OCOMP(SK)),OSCHjr(aVB,QCOv?$3L)) 




8 


r»R- 6i 
MAT LOG-2 
8-6-87 

IF «2 = QI'lE.QKjQL 

QKP = QC0!4F(0JC) , QLP = QCOr''iP(QL) 

SVGA = QSrV2(QVA,QMA,QK,QL, QVB) 

SVCB = GSTV2(QVA,®iA,QKP,QLP, QVB) 

SVC ( 1 ) = B3UM( QVGA( 1 ) , QVCB (1 ) ) 

SVC(2) = BPD[r(QVCA(2) ,QVCB(2)) 

IF QMZ = OTIjOKsOL 
QKP = GCOr-IP(QK) 

©42 = QMO,QKP,QL 

As mentioned for SNS logical connectives, in the case 

also . 

of QL-2 also, general 3x3 matrices can/occurj for relations 
in QL-2 that cannot be expressed in one of the four forms 
described above. 

(xxi) Unary relation for ^(k, via relative truth value 
</a I q(k)^ 2 ^(-6) I = b , 2 = ® , etc. 

QUNPr2(QVA,©«IZ) = QVB 

IF ©42 = QMA,QK,QL 

BAP = QSCPDT(QVA,QK) 

QVB = CSVPDT(BAP,aL) 

QMZ = QiyjOjQKjCa. 

EAP = QSCFBTCqVA.QK) 

QVB == QSVT>SM{BAP,aL) 


IF 
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IF 0,MZ = QMI,QK,OL 

bap = QSCPDT(QVA,QC0r4P(QK) ) 

QVB = '=^.SVDSK(BAP,Ca.) 

IF CKZ = QME,«,aL 

QKP = QCOi-iP(QK) , QLP = QC01'4P(QL) 

QVBA = ai)MPr2(QVA, Qf'IAsQK,QL) 

QVBB = QL)NPr2(QVA, QI4A,QKP,aLP) 
uVB = QIA'JI0N(QVEA,QV3B) 

Here also, the formulae closely follow those in SNS 
except that S is to be replaced by Q, leaving B unchanged^ 
in SUNET2. 

(xxil) B inary rnat rix-Bool ean o perato r G "agree" for checki ng 
the equivalence (agree ment) of two quantifier terms 
a and b ; 

QJ®G(QVA,QVB) = QVC (Note SNS in r.h.s) 

BCA = BEQU(QVA(l) ,QV3(1)) 

BOB = BEQU(QVA(2),QVB(2)) 

BCC = BEQU(QVA(3),QVB(3)) 

BCBP = BPBT(BCA,BCB) 

svc(i) = BpnrCBiiEpjBCc) 

SVC (2) = BCMPCQVCd)) 
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Xs_4.4jJ._.*fe1'£iSr§,ftO]iean,jui^rx_op;er^tOj;2 E, N, M, L 

In this case also, replace S by Q^and 1, 2jby 1, 2, 3. 

The eqtwiticns are 

QEQU(GVA) = QVB 

G'/B(l) = QVA(1), QVB(2) = QVA(2) , GVB(3) = QVA(3) 
QIJOT(QBA) = QVB 

QVB(1) = QVA(3), GVB(2) = QVA(2) , QVB(3) = QVA(1) 
QCOMP(QVA) = QVB 

QVB(1) = BCliP(QVA(l)), QVB(2) = BCKP(GVAC2) ), 

QVB(3) = BCMP(QVA(3)). 

QELL(QVA) = QVB 

QVB(1) = BCr-lP(QVA(3)), QVB(2) = BCI'IP(QVA(2) ), 

QVB (3) = BCMP(QVA(1)) 

The above subroutines appear to be sufficient for 
dealing with all problems containing quant i fie is which involve 
QL-2 algebra* However, for QL-1, quite different subroutines 


are needed and are treated in Section 4 under PLOGIC 
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. 11 . 

2 . ojj.l jji . . 

Problem 

Make direct checks of the algorithms Q(i) to for 

agreeme.nt with ideas discussed in hE-53 aiid 56, Lecture 3. 

£LP£A?J1-6 

Check the agreement between QUkFDT and QUNPT2 for the cases 
P r ob 1 e 7 

liated in / ' and print them side by side for inputs 

OVA = Q1 to Q8. Verify that there is agreement for Q1 to Q7 

as input and note exaiiiples where they disagree for Q8 as input. 


Pr ob]^em_^ 

Check the 8x8 truth tables for (l) Q(x1x)— QSTV and 
(2) Q(xx) QSTV2 for the following cormectives. 


^2,6), A(5,6), M2,7),A(1^,3), A(2,4) 
2(2,7) ,o(x, 3), 0(2,4) 
1(1,1), 1(1,^, £(2,5), 1(2,6), 1(5,6), 1(2,7) ,1(1,3), 1(2,4) 
E(1,1), £(1,6), E(2,5), E(2,6), E(5,6), £(2,7) ,£( 1,3) , £(2^,^ 


Check that they agree for the 7x7 sub-table involving Q1 to Q7 
and if so, print the _ output for. QSTV2 and whether they 

disagree for 08 as input a, or b . 
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Frob!^;m __ 5 _ 

Make direct checks of the algorithms Q(i) to QCiCi/i) for 
agree H'.e.rit v/ith ideas discussed in fII- 53 arid ^6, Lecture 

Check the agreement betvjeen QUNPDT and Q1JNPT2 for the cases 
Fr obi era 7 , 

listed in / and print them side by side for inputs 

OVA = Q1 to Q8. Verify that there is agreement for Q1 to Q7 

as input and note examples v/here they disagree for Q8 as input. 


Problem 7 

Check the 8x8 truth tables for ( 1 ) QCxix)— QSTV and 
(2) Q(xx) — QSTV2 for the following corinectives. 


^(1,1)* ACl.e), A(2,5), A(2,6), A(5,6), A(2,7) ,A(%3) , A{2,4) 

SC» 0 . 0(2,5), 0 ( 2 , 6 ), 0 ( 5 , 6 ), 0 ( 2 , 2 ) ,0(1,3), 0 ( 2,9 

i(l»l), 1(2,5), 1(2,6), 1(5,6), 1(2,7) .1(1,3), I(g,4) 

E(1,1), E(l,p, E(2,5), E(2,6), E(5,6), §(2,7) ,£(^,3) , §( 2,9 


Check that they agree for the 7x7 sub *-t able involving Q1 to Q7 

and if so* print the, output for. QSTVa and n^e whether they 


disagree for QS as input ^ or ^ • 
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KA:rL0G-2 

(Revised 27.6.87) 

Fi'^oblem 8. 

This v^ill closely follov/ the pattern in Problem 4* 

Frobl^ein 8A •••-»• The analogous case will not be v^crked cat In 
QL=“2> as a more general case will be considered in GLOilC , 
and it will be pj/oved that, in general, the £an^;unction pf 

J:;P ^ relations is not eQui'galerrc to the 

Y; h:. value ,^oX ...the, c^onl^unct ion .,^of _ tlie o _ re l.,algi pns 
(represented by the Boolean product of the two matrices), while 
tl'.e coi'' re spending theorem is turue^f 

Therefore, the test is made only for the particular result 
that B(k# £) can be expressed both as A(k, ^)@)A(i^^, ^) and 
I(k. ■&) ® , .via QSTV(Probl&m 8B) , but not by QSTV2 

(Problem 8G). These are analogous to Problems 4B and 4C in SKS 
for SSTV and SSTV2 respectively* 

Probleni 8B ■ Define QKZ,QK,QL, for Z « A, 0, E, I, from 
subroutine Q(xvlii) and check the agreement of the three truth 
values SVY1, SW2, SVV3 for c, obtained by the fol lowing KATLOG 
s tat erne Jits for (^ \ \ “ g » employing only the QSTV 

subroutine . 

^ Alth'^ugh MATL^DG statements for ProDiems 8B ar-d dC were 
formulated in June 1987, they could be put on tm cc /rortar only 
'ey the end of September 87 (ijn Hyderabad) and they fully 
sux^portad the theoretical exp^ectatlcns stated below* (See also 
Appardtx ox KA.TLOG.^3, KR»fe2 for a brief discussion)* ■ (Acdad 12*l0d:7 
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SvV1 = QSTV(CVAiO>lZ,CVB) 

v-'}ier8 

UMZ = aDIREO(QK,QL) 


SVY2 = SSTV(SVA1sS;iO,S1sS1,SVA2) 

SVAl = QSrV(QVAsQM.4,eKjQL,Qra) 

SYA2 a QSTV(QVAsG«AjQC0KP(QK),cC0KP(Ci.) , Gi'B) 


SVV3 = SSTV(SVI1,SKA>S1,S1sSV'I2) 

SVI1 = QSTV(QVA,QMI,QK,0L,0VB) 

SVI2 = C6TV(GVA,GMI,CC0MP(QK),QCCMP(QL),GVB) 


Check SW1, SW2, SW3 for agreep=ent and if found true, print 
only SW1. (The test is to te done for all k, / = 1 to 8, for 
k ^l). 


Prob}.ej^,^ : Check the agreement of QSTV2(QVA,GKE,QK,QL,QVB) 

= SVC with the two different, hut equivalent, definitions of 
E(k, , following Problem 4C in SNS. The relevant equations 
are as follows: 

SVC1 = SSTV2(SVA1,SMO,S1,S1,SVA2) 

where 


SVA1 = QSTV2(QVA,GI'M,,QK,QL,QVB) 

SVA2 = QSTV2(QVA,GMA,QC0^2’(QK),QCa•IP(aL),GVB) 
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SVC2 = SSTV2(SVI1,SM.A,Sl,SlsSVI2) 

where 

SVI1 = QSTV2(UVA,QMI,QK,QL,GV^B) 

3VI2 = QSTV2((ArA,Q^n,QC0^)P(QK),CK:0hP(QL) j QVB) 

Print bcjth SVC 1 and SVC 25 and check if they agree for all 

~ Q1 to Q7f and also with SW 1 of Frobleia 8 B, and note 
v.'here they disagree for a or b ® 0B» (Test is to be repeated 
for all £) f with k, ^ ^ * 

,3 , C 0 / ' i' ient s pn_t he .^.putpjut s s .. J-n. j? s c t 

The outputs for the functions given below are illustrative 
of the nature of these functions. Note that Q 8 is printed as 
IMP and will be changed later to XXX. 

Problem. 3. 

It will be noticed from Table 1 that the four matrix»*Boolean 
operators Q>©E, (J©N, Q>©L permute the four standai’d 

quantifier states ALL, EXS, NAL, NEX among themselves, and 
similarly interchange pairwLse the remaining four states 
(SOM, AON)> (IND, Hence the. collection of eight states 

of BA “3 eroployed in quantifier logic are left invariant by the 
operation of B 00 le animat rix operators. 
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also 

The operators QIJWlON and QVIBYA sxe/seen to produce 
as outputs only one of the eight quaritifier states, for all 
ca:uibiria.tions of the input states (a, b) , and therefore, in 
QLOGIC ^ the algebra is complete under ^^Boolean*’ operators. 

The scalar product of two G«*vectors and the SliS relative 

truth value of these are also listed in Table 1, for 1 to 8, 

The former is a Boolean scalar 1 or 0 , and the latter a 

Boolean SNS vector T, F, D or X, It can be verified that the 

first component of the SI^S truth value c « (c^, Cj) for 

the latter is alv/ays equal to the Boolean number corresponding 

to QSCPnr, in all cases. This indicates the consistency of 
algebra 

our quantifier/, employing BA-2 truth v a^l ues in gNg, with the 
classical quantifier calculus, using only BA-1 truth values* 

The BA-»2 calculus is analytical continuation , for logical 
truth values T, F, D, X, of the BA-1 calculus employing only 
T and F, and the latter alv/ays leads to the former if the 
states D and Z ai’e not taken as independent logical truth values, 
but expressible as D = T V F and X = T (c:se for 


a treatment of this aspect . ) 
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Tahiti , Outputs for some typica l functi on s in QLOGIC 



UCOMP 

QMBE 

UMBN 

aHLM 

QM0L 

ALL 

nal 

ALL 

NEX 

nal 

EXS 

NAI> 

All 

NAL 

EXS 

ALL 

NEX 

SOM 

AON 

SOM 

SQM 

AON 

ACN 

AON 

Sqm 

AON 

AON 

SOM 

SCM 

NEX 

ExS 

nex 

all 

EXS 

NAL 

EXS 

Nex 

EXS 

NAL 

N£X 

ALL 

IND 

Imp 

INO 

IND 

‘ IHP 

IMP 

IMP 

IND 

IMP 

IMP 

IND 

IND 


QUNlON 

all lUD tX£ AGjN AON IND ALL 

IND NAL NAL INC NAL INC IND NAL 

■fcAS NAl Sa^ INC NAL EXS IHD SUM 

AON XNd INC aGN AQh IHD INCI A CTN - 

AON NAL NAL AON tiEX INC iND n£X 

fcXS IND £X£ IND INC EXS INC EXS 

IND INd INC INC INC INC INC INC 

all NAL SOA AGN NEA EXS INO iKf 


OVIC^A 

ALL IMP IMP ALL I^'t' AlL ALL IMP 

IMP NaL sum NEX NfcX iaCM NAL IMP 

IMP SCM SUM IHP IMP SC.-i SCtI IMP 

ALL NEA imp AON NtX AIL AGN IMF 

IMP *-i£A IMP UtA n£A imp NtA IMF 

All sum sum all imp exs eas imp 

ALL NAL SUM AON HEX EA;j ,IND IMP 

IMP Imp imp imp imp Ir-P IMP IMP 


QSCPD'l 

1 0 0 1 0 1 1 0 

^IIOOIIO 

1 1 0 1 1 1 I 0 

>C i 0 1 1 C 1 0 

1 1 1 1 0 1 1 0 

llllllio 

>flOOOO COO 


OREL! V 

1 F F 'I F T 'I F 

FlCDCClF 
F 1 I F F T X F 

DDFXCCTF 

FXFlXF^f 

ddddfttf 

DDDDPUTf 

XXXXAXXX 
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Pr obi ryn 6 

Four illu-stx'atlons each tor A(k, £) , 0(kj ■£) p ^ 

J£(^y & copied .from the Ce>nmuter outputs obte-lned for this 

p>roblem. It was verified that QU^^PDT and QUi'^PT2 give ideritica.1 
results for a QVA = Q1 to Q7 for all exa-iiples. For QS ss 
Input (JVAp however, b ^ QVB Q8 == IMP for A(is» 4) and B(k, £J p 
"virile QVB QL for 0(k, 4) and ^(k, J) , for GUNFT2. On the other 
hand, in the case of QUl'^PDT , QVB == Q8 whenever QVA » Q8. Hence 
only QI.jNKr2 results are reproduced^ and , where they disagx'^ee for 
Qll-^PDT , they are marked by a ring* 


of QUNPr2 for QVA _=. 8 


Input 

QVA 


Output QVB 

for 


A(1, ll 

A(1, 6) 

A(2, 51' 

aCz, tT 

AI.L 

ALL 

EXS 

IMP 

IMP 

NAL 

IMP 

IMP 

NEX 

IND 

SOM 

IRIP 

IMP 

NEX 

IND 

AON 

ALL 

EXS 

NEX 

IND 

NEX 

IMP 

IMP 

NEX 

INB 

EXS 

ALL 

EXS 

NEX 

IND 

IND 

ALL 

EXS 

IMX 

IND 

IMP 

IMP 

IMP 

IMP 

IMP 


0(1, 1) 

0(1, 6) 

0(2, 5) 

0(2 t 7) 

ALL 

IND 

IND 

IMEX 

IND 

NAL 

ALL 

EXS 

IND 

IND 

SOM 

AXL 

EXS 

im 

IND j 

„4DN 

im 

IND 

im 

IND 

NEX 

AHj 

EXS 

urn 

IND 

EXS 

IND 

IND 

IND 

IKD 

IND 

IND 

IND 

IND 

IND 

IMP 




(I^ 


...... .. . 



... 
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Table 2. Contd. (Revised 27.6*87) 


Input 

QVA 

sdviy 

Output 
' £( 1 , 'S')' 

QVB f or 

—■jczr5T 


AT-L 

ALL 

EXS 

KXS 

IMP 

NAL 

¥iAL 

NEX 


IND 

SON 

M4L 

NEX 

NEX 

II B 

AON 

IND 

IND 

IND 

IND 

ivibyi. 

HAL 

NEX 

KEX 

II'iD 

KXS 

IND 

IND 

Ildj 

IND 

IND 

Ji^JD 

IND 

IND 

IND 

IMP 

II'P 

IMP 

Il'iP 

IrP’ 



1(1, 6) 

1(2, 5) 

1.(2, 7) 

ALL 

ALL 

EXS 

IND 

IND 

NAL 

im 

IND 

NEX 

ir-ID ' 

SOM 

IND 

IND 

NBX 

IKD 

AON 

IND 

IND 

-II’JD 

IlD 

N£X 

INT> 

IND 

NEX 

UW 

EXS 

II'JD 

IND 

IKD 

im 

IND 

IND 

IND 

IND 

IID 

INjP 




IND 


Even these disagreements follow a rule as mentioned above. 

Thus, they occur only for the 0-type cormectives (MO and QI4I , 
and irrespective of (k, ■&} , the output for QUNPT2 is QVB sk QL, for 
QVA = Q8 « IMP. This is similar to the behaviour in SNS algebra ^ 
as may be seen from Table 1B where for OCk, and I(k, 

SVA S4 = X always leads to SL as output for SVB . The 
explanation of this will be given, from Boolean algebra, under 
even more general conditions of GLOGIC^in Part III, and it 
reduces to SKS and QLOGIC for M « N == 2, and 3 respectively* 
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In this case of binary relation also, the Si\S truth 
valuies calculated using QSTV and QSTV2 agree for the 7x7 
sub-table eniplo^'ing Q1 to Q7 for a end b. The^^, hov/sver, 
d.lsagree for soxne exainiDles if one of either b^is Q8. 


Also, as in SNS , tlie disagreeing examples have the 
1 1 “ u t h V a 1 u e F j f or CtSTV 2 > f o r the c cnne c t iv e s ^ , £) and 

:G(k, X while they have the truth value T for the connectives 

. as against X for the corresponding outputs for QSTV. 
0^(k, X) and I,(k, X),/ This behaviour can also be proved 

still more generally for similar logical connectives defined 

in GLOGIC^ and a descriptiorx and proof are given jja Fart III 

dealing with GLOGIC . Print outi f or QSTV2 in sorr^ typical 

cases are given in Table 2, and the disagreeing outputs are 

marked by rings. 


the 8x8 array of inputs QYA.QVB . 


T 

P 

r 

D 

F 

D 

D 

X 




F F 

F F F 

F 0 

F F 

F F F 

F 0 

V V 

P F D 

D 0 

F F 

F F F 

F 0 

D V 

p F P 

° 0 

V V 

P F P 

° 0 

© 

00 

0x 


F 

T> 

F 

T) 

T 

F 

D 

X 


ACS, 6) 

p p F F F 

X> p P F D 

F F F F P 

D D X> F D 

P T I> P T 

p P p F F 

P P -D F 13 

0 ©0 


F 0 
B © 

r © 

B © 
p X 
F 0 
B © 

© 
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0(1 

05 




O C 2,5 J 


T T T 

X 

T 

T 

T 0 

F P F P T' 

F P X 

T 1? T 

I> 

F 

T 

D X 

T T T ^ T 

T T 0 

T I> I 

P 

F 

T 

D X 

T T T 'I* T 

T T 0) 

T D T 

1> 

P 

T 

D 0 

D P -D T 

P D 0 

T 1> T 

1> 

F 

T 

D X 

1 T T “E 

T T 0 

T 3> T 

P 

P 

T 

D 0 

D p p p *r 

-DO© 

T P T 

P 

P 

T 

D 0 

D P 0 P T 

D U 0) 

0000 

X ( 

00 

X 0 X 0© 

X 0 X 

ECl 





ECS, 6.) 


X f F 

P 

F 

P 

P X 

F P F "O T 

F T) X 

F T T 

P 

T 

P 

P X 

D P P P P 


F T T 

P 

T 

P 

p X 

F P F X> T 

F P X 

J> x» p 

P 

P 

P 

D 0 

P P D P P 

B 0 

F T T 

P 

T 

P 

p X 

T X> T P F 

T P X 

X> P P 

P 

P 

P 

^ © 

F P F P T 

F P X 

0 x> P 

P 

D 

P 

p 0 

D P P P P 

D 32 0) 

XXX 

0 

X 

00 ^ 

X © X 0 X 

X 0 X 

ICi 

,11 






3? r r 

P 

F 

P 

p X 

T P T P F 

X p X 

T T T 

T 

T 

T 

T 0 

T T T r 

T T 0 

X X T 

*X 

T 

T* 

-r 0 

T T T T T 

T T 0 

T -P P 

P 

P 

P 

p 0 

T p T P P 

T 32 0 

T T T 

x 

T 

T 

T 0) 

T T T T 

T T 0 

X P p 

p 

p 


P © 

T p T P P 

T T> 0 


TJ>» 

® X X @ X ®0 X 


T X? T TI D T K 0) 
0000 @0 ^ 
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It has been possible to deduce the following general 
rule fox'* the ringed etfcries that dlsagi-^ee v/ith QSTV in Table 1* 

(a,lo(k,^) l b) = T (O 

(a \ In = p w) 

(a li(k, i) ! n = T (3) 

In fact, it can be verified that the data given in Table 1 
of KR-60 obey the corresponding rules for SNSLOG, Thus the 
condition a 3 s(k) found there, has the propei'ty given 
in (4) below and the right hand side is analogous to the 
conditions emplo^^ed in the above rules {l), (2), (3)* 

(| 3 s<k)) C (a HsCk) ^ 4 >) (4) 

The conditions H q(k) sjfe ^ and a_, HqCk'^) 4^ (j) 

are expressible in MATLOG as 


(j), b n q(D 0 

(f) , a 0 q(k) 4^ 0 

0 . b HqCr) 4. (p 

= 0 , a O q(k'^) 0 

a =• 0 , h Hciii) 4^ (fj 

b = (p , a, n q(k^) ^ 0 


or 
b ^ 

E ‘ 
or 

b 


QSCH)T(QVA,QK) = 1 , QSCPnr(QVA,QCOMP( QK) ) 1 


(5) 
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We shall not prove the above rules (l), (2), (5) for 
3x3 matrices In QLOGIC, but prove "" for the even more 
general case of m x n matrices of GLOGIC^ employing clausal 
relations^ vhich are the analogues of the equations employed 
in QLOGIC, This will be done by showing that the Boolean 
ti-'uth value 

QBTV(GVA,CMZ,CTO) ” QBINFT( QVA,QI1Z ,GV3) (6) 

for GMZ s= Ql'iO, QK, QL, differs fi'om 

QBTV 2 ( QV A , QMO , QK , QL , QVB ) 

Ea bsukCqscpdt(qva,ck) ,QSCPDT{GVB ,QL) ) (7) 

for precisely the above conditions, nanBly 

OVA = Q8, QSCPDT(QVB,QL) = 1 

or (8) 

QSCPDT(QVA,QK) = 1, QVB = Q8 

The analogues in QL-2 of Problems 2 and 3 of SNS in 
Part I will not be given here, but will be briefly taken up 
at the end of this report, after discussing the implementation 
of elementary relations in FLOGIC(QL-IA) and PQLOG (qL-IB) , 
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xhese aie to be contrasted with a quantified relation 

a 

expressed in QL^-I, In/ logical relation of the type QL-I, 
the relation really exists between the individual components 
ax and bx for each value of the variable x, and both ax and bx 
have the same domain of operation. This is particularly isade 
clear hy the form of the relation in QL~1 in general, namely 

CG 2 ^)(ax 2 bx) (2) 

where there is only a single variable x contained in the 
relation and the fomi of its unary arid bijiary implementation is 
as in (3a) , (3b) below: 


lihjiry ; ^ , (q 2 x)(|X Z bx) h-^bx (3a) 

C , SNS truth value of the 
“* relation for the given 

inputs , 

(3b) 

A fev7 simple examples of unary and binary relations are given 
in (4a"d) and (3a-c) below, unary examples 

(W x) (ax) , (9 x)(gx bx) (r*x)(Dx) 

(3x)(|x), Qx)(ax bx) i— » (Ax)(bx) 

Ox) (ax), (Vx)(ax A bx) {Vx)(bx) 

(3x)(ax), Ox)(axA ^x) (3x)(bx) 


(4a*d.) 




24 


MR^61 

MATLOG^., 

30.6.87 


Sjjiiilarly , v/e have the binary axarnples 

( V X ) ( ax ) , ( x) ( "^ 1 bx ) , ( ^ x) ( gx A bx) c = F 

(dx)(aj:), (3 >;)( ' Ibx), ( V x) (gx A "nfex) c = D (5a-c) 

(3x)(ax), (yx)(bx), ( 3 x) (a>: c == T 

As will be seen froni the form of the expressions in (3a) and 
C3b), both vectors representing quaiitifiers, as we 3,1 as SKS terms, 
occur in these fonmulae, and it is not apparent as to how they can 
be converted into BVllF containing essentially 3-vectors* However, 
as has been briefly outlined in MR-36, Lecture ~4, this class of 
equations, which has been named QL-1A, can be foi^mulated in a 
compact and unified treatment, by first considering the quantifier- 
algebra QL-1, which is effectively equivalent to QL-1A for the 
particular case when (q^x) =s ( 'r/^x) » Then Eqs* 3(a,b) resp^ect ively 
go over into 6(b) and 6(a) below. We shall discuss these and 
the nature of their relationship wath 3(a,b) belo'w. 

ax, bx, ^ g bx = cx (Binary forv/ard) (6a) 

jcx, ^ g bx = £x bx (Binary reverse) (6b) 

As has been described in MR-52, 53 and 54, the QL-1 type of 
relation occurs from the existence of a logical relation betw-een 
the individual components ax and gx of the corresponding members 
of the sets A and B having the quantifier states and , 

which lead to cx of the same jjidividual x , 
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and hence to the resultant set C described by the quantifier 
state ^x. Thus the Implementation of the binaiy relation (7) 

(^x) (|^)j C\jx)Cqx), ^ A bx = c X (7) 

leads to cx - (3x)(cx) for the follov/ing reasons. We are 
given that “at least one Biember “ (3x) of the full set ^ has 
the property of the set A, and that “all members” {\j x) of the 
set have the property of the set B, and v/e wish to find out 
the quantified nature of the inembers of that have the property 
of both Set A and Set B, Denoting this set by C and the 
corresponding vector by £x , it is obvious that we can only say 
that “there exists at least one member” ( 9 x) of ^ that have 
the property of the set C. Thus a binary relation in QL-1 has 
the individual output cx in an SNS state, but this leads to 
a quantifier state represented by a 3-vector cx which is of 
the same type as the quantifier states of the two inputs ^ and bx 

The principle of the procedure discussed above can be 
used for working out the resultant quantifier state of the 

set C which is the logical sum^ or -product^ of the quantifier states 
ax and bx , and more generally for a relation Z(k, 9^-) connecting 
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gx and of sets A and B for^ their quantified states a and b 

“ fS>i 

i0XjnjBr 

BXVf one of the eight standard states q(l) to q(8) • This has 
been done ab_ ini tio and 3x5 tables for these operators have 


been obtained. 


Tabl e 4._ 3x3 tables for the QL«> 1 



(a) 

AND 

(A) 

A 

V 

1 

§ 

V 

y 

£ 


£ 

1 

A 



§ 

$ 



onnectives ^^and” 8.M 


(b) OR (0) 


Q ' 

y 

1 

§ 


V 

V 

y 

1 

V 

3 

1 


V 

1 

§ 


The detailed mathematical properties of these tables are 
discussed in MR- 53 , 54 , and a short summary given in MR- 56 , 
Lecture 4» Here, we shall only indicate thx>se formulae which 
are relevant for working out the computer- implement able 
algorithms given below. As will be seen from Table 4 (a, b) , 
the outputs for the QL-1 relations ^ A bx and ax 0 bx for the 
generator states q(l)> q(3), q(5) have very simple 
representation in lattice algebra. Without going into this 
lattice theory as such, we may merely write the effective 
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algebraic formulae for cx in terms of gjc and bx as follows. 
Denoting the states of a, b and c as q(i), qCj) and q(k), v/e have 

q(i) A = q^Ck) 

where 

k = Max (i, j) , and k=2 if i=j-3 
and k=8 if i or 1=8 

qj^i) 0 q(l) = q(k) 

where 

k = Min (i, j) , and k = 6 if i = o= 3 
and k = 8 if i or 1 « 8 

The extension of these 3x3 tables into 8x8 tables is obtained 
from noting that, a general quantifier state, q(n), n » 1 to 8, 
is the Boolean sum of at most three basic states q(l), q(3), q(5). 
We therefore make use of the analogs of the formula (8) given 
below, for obtaining the QL-1 conjunction or disjunction of 
these mixed states. Thus, for a = q(i>j) @ q(i 2 ) 

:^ = q(j^) @q( 02 )» 

c = (q(i-^) ® ^ (q(di) # qCSa)) 

= (q(il) 4 q(Ji)) @ (qU-2^ 4 q(dl) ) @ CqU-l) 4 q(i2^^ 

(q(i2) 4 q(d2n ^8 

The tables so obtained for Z = A(1. 1) and 0(1. l) are given in 
page 12 of Lecture-4, ^SR-56. They will be reproduced as computer 

outputs later in this report. 
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The natural question arises as to how we should proceed 
to formulate the algox'ithms for the connectives I and E and 
also for a general logical connective Both these 

are i^ossible by noting that in QL-1 , the following general 
formula holds for = 2. 

ax bx a*x Z(1, 1) h^x 

■whe re 

a^*x = ax, a^x according as k = 1 , 2 
b'x = bx, b^ according as - 1, 2 

The main poixit to be noted is that the appropriate operators 
that are to be applied to ^ and bx^ depending on the value 
of k,-^=:1or2, are the matrix- Bo ole an operators CEQU and 
QNOT respectively. Particularly, the occuxrrence of the 
operator is to be noted for QL-1^as contrasted with the 
operator ^ which occurs in similar situations in QL-2. 

The theoretical reason for this is the fact that it is the 
predicate ax in (qx){^) = ^ that is negated and this 
produces from "the quantifier state ^ which is the 

same as the MATLOG function Q14 'CT£qVA). 

With this introduction to the algebraic theory, shall 
formulate some of the essential functions required in PLCGIC 
which are to be formulated in the QL-1 algebra described above 
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The two operators QBQU and Q.N0T are particularly needed 
In PLOCrXC a.^s they occur very frequently in it. Also, tv^o 
functioiisj nainely QBLEM and GVECEL, have to be explicitly 
stated although the}^ have been used in all the subroutines 
in QX.XX1IC, These ar-e given in (iii). 

( j ijv},„p:ec^onrpqsitlpn_o.f ..,..a,.y©.ctpr_iiyA._ 

QELEM(QVA, OB AS, IB) 

This program takes in as input a vector QVA having 
components VA(1), VACj), VA(5) wnich are given by VECEL(QVA), 
and gives as output one, two, or three, basic vectors, out of 
(1 0 0), (01 0), (001)— which are components of it — as 
QbAS(I), 1 = 1, IB, where IB is the number of basic vectors 
contained in QVA. It has the following structure. 

QVECEL(QVA) = VA(3) 

IB = 0 


If 

VA(1) 

» 1, 

IB = IB + 

1, 

QBASCIB) = Q1 

If 

VAC 2) 

= 1, 

IB = IB + 

1, 

GBASCIB) = 03 

If 

VA(3) 

= 1, 

IB = IB + 

1, 

QBAS(IB> = 05 


Further, to take care of tne lattice properties, two 
subroutines OBin aM QMAX ai^e also needed. 
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( iv ) Calc p,l.at, j on . o, f th e ni in im urn pX„.tvjp^ bs^j^ j; e c t 

This function has the fom QI''lIN(QVAjQVB) ^ where QVA = QI 
and GVB = QJ, are the inputs. The output is = QK, v/here 

K " rnln (ijJ), the function min standing for the arithirietical 
minimum of I ejid J. ’ 

( V ) J'\e t e ngin at^ipn., of t^ie of ,tv/ p p ec tor s 

As with QKilN, this has the form >3 I'iA>I(QVA,QVB) • hith 
the same inputs Ql, QJ, QltAX = QK, v.'here K = njax(I,J). 

It is to be noted that the minimum and maximum have to do 

only with the indexes of the Q-vectors QVA,QVB in tte standard 

form Q1 to Q8 adopted by us, and the only values that occur 

only for basic vectors. 

for I, J, K are 1, 3 and 5, since these f«-mctions are required/ 

Unlike QLOGIC, there are not two different operators 
y, C, and V, A in PLOGIC , but a combination of both types 
of functions occurs in the QL-1 operators "or^' and *^and'* as 
mentioned above. Kov;ever, these two are given tte MATLOG 
names PUKION and PVIDYA and the algebraic properties mentioned 
above can be converted into the subroutines given belov/. 
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Q L-1 "o r'' — ax g tx = cx : PUIMION 
PU]\1I0M(QVA,QVB) = QVC 
CSELEM(aVA) = CBAS 1 (IB 1 ) 

QKLEM(OVB) = '3AS2(IB2) 

IF (aVA = Q8) . OR . (gVB = Q8) QOUT = Q8 
GO TO 1 

ELSE QOUT = Q8 
BO I = 1, IB1, J = 1, IB2 
10 UOLiT = QUKI0K(Q0UT,*IN(GEAS1(I) , QBAS2(J)) 

GO TO 1 

1 QVC = QOUT 

(vii) QL -1 "an d" — ax A bx = cx : PVIDYA 
PVIDYaCQVA.QVB) = QVC 

Same as PUNION except that GS'iIN is replaced 
by QMAX in 10 as 

20 QOUT := QU:NI0N(Q0UT,QMAX(CBAS1(I) , QBAS2(J)) 

Employing these two QL-1 connectives, the other two 
connectives ”imply^' and equivalent*’ can be simply defined 
in QL-1 as in {lOa), (lOb)* Hence no separate functions are 
defined for these and they are calculable from the general 
subroutine PBILPT given in (viii) below, 

qCi) I q(o) = q(i”) 0 q(o) ; 

q(i) E q(o) = (q(i) A q(o)) 0 (q(i*^) A q(o^)) 

(The corresponding Eq.(8) on page 11 of Lecture-4 is to be 
replaced by (lOa) and (lOb) as being more precise.) 


( 10a) 
(10b) 
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Combining (9)jfor dealing with a general Z(kj ^)jV/ith (10) 
to extend the theory from A(1, 1) aiid 0(1, 1) to E(1, 1) and 
J(1, l)j the algoritlini for a general relation ^ax Z(k^ £) bx 
in the binary form of implementation can be made * as given in 
the algorithm for the function PBINFT below* As mentioned 
earlier^the output of this binary product in QL-1 is a 3“vector 
and not a Boolean scalar as in SKS and QL-1. Consequently , the 
fu.nction has the form given in (viii) below^ 

(viii) QL-1 Binary pr oduc t ^ Z(k,^) bx = cx : PBINPT 

PBINFr(QVAjSMK,;SK,SL,QVB) QVC 

SK = 1 QOK = PEQU 

SK = 2 QOK = PIMOT 

Sl = 1 — ^ QOL = PEQU 

SL = 2 QOL = PNOT 

QVC PVIDYA(COK(QVA) , QOL(QVB)) for SMX = SMA 

QVC PUNI0N(Q0K(QVA), QOL(QVB)) for SMX « SMO 

QVC PUNION(PNOr(QOK(QVA) ), QOL(QVB)) for SMX ^ SMI 

QVC Pbn\'ION(PVTDYA(QOK{QVA),QOL(QVB)) , 

PVIDYA(PN0T(Q0K(QVA)) , PNar(QOL(QVB)))) for SMX 

The above are the subroutines which are required under 
QL«»1.j v/hich is not practically applied as such, but theoretically 
very valuable for QL-1A calculus which is tlie standard form 
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emp3-oyed in predicate calculus. It will be noticed that a 
general SNS SMZ is not defined in our QL-1 algebra, 

but only the logical Lnatrices Z(k,^) in SNS, namely SMX^SK^SL 
with X « A, 0, E, I j are employed in the subroutines mentioned 
above for PLOGIC, In fact, only these matrices are used in the 
definition of logical relations in standard predicate calculus 
which is our QL“-1A algebra. (The extension to all 16 2x2 
matrices Z can be done, but has not been included here, 
since a very different formalism for iraplementing PLOGIC may 
have to be employed for this purpose.) However, it should be 
mentioned that the formulae given above are the analogs of 
SSTV and QSTV^ rather than SSTV2 and QSTV2, since as will be 
seen from the outputs in Section 4(e) , the output of a binary 

relation with a - 0 , or b a i ^ = S, is always 0=0 

for both A-type and Q-type connectives Z, (and naturally also 
for E-t 3 rpe and I-type) . As will be seen from the practical 
examples to be worked out later, there is complete consistency 

logical rslations^ and "v/e really deal with logical relation 
in quantifier theory^and not with merely .3“* member set theory. 

This will become clearer after examining particular examples 
of the application of the theory. 
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Before going to the algorithms in QL-1A, v/e shall give 
a brief introduct ion to the algebraic theory of the relation 
betv^cen QL-1 and QL--1A f or-mulations and then give the a^igorithms 
for obtaining the output of unary relations and tlie ShS truth 
values of binary relations in QL-1A, 

(c) 7heoi;y: of 

The equations that v/e will deal with are (3a) aiid (3b) 
for uncii^y and binary relations in QL-1A, which correspond 
respectively to (6b) and (6a) of QL«1 for binary reverse and 
binary forv/ard relationsj as mentioned in Section 4(a). V7e shall 
now give the essential features of this relationship v/hich 
enables us to carry over the algorithms developed above for 
QL~1 almost completely into QL-1A, 

Considering first, the QL-1A binary relation (3b), w'e are 
given a relation ^ whose connective is associated with a quantifier 
(g^^) and an SNS connective 5(k,^), and we wish to find out the 
truth value of this relation for the inputs ax and bx. In QL-1 j 
we have already worked out the subroutine PBIKPT to work out 
the quantifier state cx of the resultant term when ^ and bx 
are related by Z(k, as in (6a). To obtain (3b) from this, 

it is only necessary to find out the relative truth value CRfciLTV 
of cx for ggX* We shall illustrate this by the second example 
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of QL-1A binary relation in (5b). In this^ the inputs are 
^ = (3x)(ax) = (1 1 0), bx = ( 3 x) ( — Igx) = (0 1 l), which 
are put in tiie relation ^ A(1, 2) bx , and can be shov/n, 
using PBTNPT, to yield the output £x = (1 11) = (/\. x)(cx). 
he wish to obtain the truth value of this for the quantifier 
state (Vx.) in Eq.(5b). For tliis, we make use of QL”-2 algebra^ 
and calculate i( 3 | \/) = ( gl 1 1 | 1 0 q> , b ^ 1 I 0 1 1> ) 

= (1 1) -~= D , which is the aiisv/er given in (5b). hooking at the 
problem logically, if (3x)(^:) is true, and (3x)(^]bx) 
is true, then v/e c a/mot for certain that cx - ^ A. Ibx 

is true for at leas'^/x, since for which ^ is true, may, 

or may not, coi-respond \vith X 2 ior which ^x is true. On the 
other hand, the input conditions also permit that both ^ and 
Ibx could be true for all x ^ so that the quantifier state 
(\/x)(qx) is also possible. Hence the relation (\/x)(ax A ■'"Ibx) 
could be either true or false, i.e. it is indefinite for the 
given inputs, so that its truth value is the ShS state (1 I) = D. 

If, on the other hand, in (5b) the second input is 
(3x)(hx) = (1 1 0 ), then using the same subroutine PBINPT , 
we obtain cx = (O 1 I) == (3x)(-^gx). The relative truth value 
(QRELTV) of this for (^xXcx) is |(A1 7) = (ct' 1 1 I 1 o 0 > , 
^1 l|oi 1^) = (01 )=F , which indicates that the inputs 
definitely do not satisfy the relation. Logically, also, if 
for some x, bx is true, then the expression (Vx)(^: A I b>‘) 
Vv’hich require bx to be false for all x, cajinot be true, so that 
the truth value of the relation for tlie given inputs (3x)(|x) 
and (9x)(bx) is F = (O 1). It is interesting that all these 
considerations are automatically taken care of in tiVIlF. 
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thus^ the al.gorithm for calculating the SNS truth 
value of a QL-IA relation becoiiies straight f or Vv^ard and may he 
given as follows in suhrcutine (ix) PSTV. 

(i^) A bin ary 1 Z(k,^) hx) = ax : PSTV 

PSTV(QVZ,a7AsSMX,SK,SL,QVB) = SVC 
QVC = PBI]NiPr(QVA,Sia,SK,SL',GVB) 

SVC = o;mTv(QVc,QVz) 

This is probably tPie only algorithm that is needed for binary 
relations in QL-1A algebra. We shall now consider unary 
relations of the t^npe (3a). 

(d) Theory o f t he Q L~1A unary re lation 

Before considering the QL-1A unary relation (3a)^we shall 
consider Eq.(6b) giving the QL-1 binary reverse relation. 

The principle of the binary reverse has been discussed in 
several earlier reports, and as applied to QL-1 , it is considered 
in some detail in MR-33 and 3^* EssentiaJ-ly, the idea is that 
the relation ax Z bx = cx is giveiijanci instead of calculating 
cx as output for given ^ and hx, we calculate bx as output 
for given cx and ax. The word "reverse^* is applied because 
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the output of the relation is available^ and in reverse, 
it restricts the relationship between and bx , so that, 

if one is given, tlie other can be calculated. If this idea 
3x3 

is kept in mind, then^Tables 4(a) and 4(b) can be reversed to 

obtain b ^ given and a ^ as in Table 5(a) and 5(b) (copied from 

i‘iF:“-56) . -Note’ that the notation for the. reverse relation ^ b 

corresponds to the foiv/ard relation ^ 2 Jfe. ” JG/ * 

Table 5,. ^3^3 truth se ;i^ela^^^ 


(a) a(c, A) == b 


(b) ^(c, 0) « b 


c 

a 

V s 

V 

A 0 0 

£ 

3 A 0 


V 2 (f 


C 

a 

V 




v 

2 

f- 

2 

0 

3 

A 


0 

0 

A _ 


shall ^ 

These tables have been derived in J)iH»53 and 54. Me / indicate here 
how thsy^/§lgorithmlsed for application. As given In page 15, 
Lecture-4 of m-56, a very neat algorithm can be given for the 

belo 

c^uantifier state of the output as given in Bqs* (11a,b) and (12a,b)/. 
Denoting the quantifier states of a and c by q(i) and 


q(k:),then, for i^k = 1, 3,5 for basic states, the quantifier state 
q(i)^ of the output is given- by- ( 11 )and (12) respectively,^ 
for the coraiectives A(l, 1) and 0(1, 1). 
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For ' A 


If 


k ^ i, 


If 

q(d) 


k , 


L 



q(d) = q( 8 ) 

1 + 1 + 2 ) , where L 


(11a) 

(i+l)/2 (11b) 


For 0 

If k >i , q{j) = q(8) (12a) 

L 

If k ^ i, qCj) ^ q(k + 2 ), v/here L = (7 - i)/2 (l2b) 

£'^0 

To obtain a(c, I) = b, we raake use of the equivalence 

(^ I b = c) (a^ Q ~ that, in reverse, we can express 

the operation of I by 0 ^ as in (13). 

(a(c, I) = i&) 4 =$. (af'Cc, g) = £.) 03 ) 

Also, more generally, for ACk, and 0(k, , we use (9) 

for the forward relation, which yields in reverse, the' equations 
( lA’a,bj,c) • 

(a(c; Z(k,^)) =p 4=§> (a'(c, gd.D) = b') (l4a) 

where 

a* = a, af according as k = 1, 2 ; (l4b) 

b* = b, according as 1, 2 (l4c) 

No simple expression can be given for g ^ occurring in a QL~1 

r-everse relation^ in terms of the corresponding relations for 
4 and 0 , in this fonnalisin. However, by directly inverting 
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the 3x3 truth table of the forward relation ^ | t = c ^ it 
can be shewn that the reverse relation a(c, E) = b has exactly 
the Suaiie 3x3 table in the format of Tables 3(a) and 3Cb) , as the 
corre ST- ending table for the forwar-d relation in the format of 
Tables A(a) and 4(b). (See l'iR-'33 and I1R-56 for these tables — 
the corresTjonding 6x8 tables are printed out in Section 4Ce)). 

be shall now show that the binary reverse relation in 
QL-1 is equivalent . to the unary relation in OL-IA^by taking 

an exajiiple^ as was done for the binary forward relation. The 

is ^ . 

inter-relat ionship between (3a) and (6b)/ that, if £X of (obj 

is put equal to ( q^x) of (3a) , then the tv/o equations are 

logically equivalent to one another. Considering the example 

(4a)^w'e are given that 'there exists at least one x ' for wnich 

ax implies bx ^ and that §x is true "for all x*'. Then the 

conclusion that there exists an x" for which fex is true is 

obvious. In the ©L-1 formalism, it takes the following form. 

In the binary forv/ard form^ given that ax is true for all x; 

and bx is true for at least one x , the relation ^ --#^bx - cx 

is true for at least one x. Therefore, given ^ is true for all x 
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arid that the relation is true for at least one x, what is 
the quantifier state of bx that will satisfy this condition? 
Obviously, it is ( D (bx) . 

Hence^ Eqs • ( 11a,b) aiid (I2a,b) can be taken over bodily 
for Eq.(3a) v;ith the equivalences (15), for all 2 " 2’ i 

(a^ = q(i), b^= q(j)» £= q(k)) of QL-1 

• . 

^ = q(k)) of QL-1A (^15) 

for ^ and Q 

The tv.’o subroutines^are named "unary and", "unary or" of 
PLOGICiand refer to QL-1A algebra with the inputs put in the 
sequence q^, a , and the output being labelled . The 
following MATLOG subroutines will become obvious from the above 
considerations. 

(x) Unary and for QL-1A — ax, (^x)(|x A bx) bx : PUNAND 

PUKAKD(QVZ,QVA) = QVB 
QELEM(QVA) = QBAS1(IB1) 

QELEM(QVZ) = aBAS2(IB2) 

IF QVZ . OR . QVA = Q8, QOUT = Q8, GO TO 1 
QOUr = Q8 

DO II = 1, IB2, J1 = 1, IB1 


ELSE 
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Denote QEASR(I1) as QK 
Denote QBAS 1 (J 1 ) as QI 

If K < I, QJ == Q8 

e3.se QJ « q(k « I + 1)(§) Q(K « I + 3) QCK I -f* 5) 
where number of terms is (I + 1}/2 
10 QOUT « QUJ^IOf'HQOUTjQj) 

1 QVB = QOUT 

(xi) Unary or for QL»>1A — (g^^Xax 0 bx) v bx : PUNOR 

PUNOR(QVZjQVA) « QVB 

Same as for PUNAND except that the conditions are replaced by 
If K >1, QJ « Q8 

else QJ = Q(K - I + 1) Q(K - I + 3) ® Q(K - I + 5) 
where number of terms is (7 - I)/2 

We can generalize these two unary relations to a general 
unary relation of the type in (3a) with Z = £) * 

Z 5= A, 0, E or I. In an obvious notation, this taKes the form 
of the function PUNPDT below. 

(xii) General unary product for QL-*1A — ^) 1^) 

bx ; PUKPBT 

PUNPDT(QVZ,QVA,SMX,SK,SL) == QVB 


SK 

« SI 

QOK 

« (^QU 

SK 

s= S2 

QOK 

« moi 

SL 

» SI 

QOL 

» QEQU 

SL 

« S2 

QOL 

« QNOT 
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If SFDC = SMA , 

QVBP = PmAMU(Q^^Z,QGK(QYA)) 

GVB = QOL(QVBP) 

If Sm == SMO , 

gVB = Q0L(1--UI\0R(GV2 ,QOK(QVA) ) ) 

If SRX = SMI , 

QVB = Q0L(PUK0R(G7E^ ^K( PICT { OVA) ) ) 

If SMX == SMB , 

UVB = PUI\ilON(PVIDYA(QOK(GVA),QOL(QVZ)) , 

PVIDYAC PMOT ( QOK( GVA ) ) ^PKCXT ( QOL ( GVZ ) ) ) ) 

This completes all the subroutines that ai^e needed for FLCXJIC 
in its application to QL^I type binary forward and binary 
reverse relations as well as QL-1A type unar'y and binary 
relations* No separate program is written for QL-1 binary 
reverse relations as they are equivalent to QL-1A unary relations 
and these subprograms for PUI\’AND and PUNOR can be used for this 
purpose with QVZ being replaced by QVC for the QL-1 binary 
relation* 

As v/ill be seen from the outputs of these subroutines 

which are obtained as solutions of some of the problems given 

below, the MATLCG algorithms^ which are based on a semi-empirical 

algebraic notation employed for PLOGIC^ a^ree coirg^letely with the 

lo 2 ic al 

truth tables obtained from an intuitive^apprcach in the earlier 
i"eports MR“ 53 » 54 and 56*. 
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ll§_ . , in PLOGiC 

The examples given below are of three types. 

(a) Outputs of the subroutines PUhlON, FVIDYA, pmjM) 
PUKOR y lx! JhPT , PUhPUr and PSTV. Not all of them are printed 
out, but BOLne exarr-ples are shown to illustrate trie nature of 
the output of these functionso 

(b) Some formal relations betw-een different logical 
connectives are tested out in 8x8 tables by the application 
of NATLOG. These include the description of equivalence 

as the union of suitable conjunctions and as the vidya of 

suitable implications , the De Morgan relation between a 
its 

conjunction and f corresponding disjunction in QL~1,and 
the equivalence (13) in QL-1A : 

(c) Illustrative examples of some simple problems in 
predicate calculus solved by PLOGIC subroutine of liATLOG* 

A. Obtain the 8x8 truth table for binary and *’and*’ 

in •QL--1, employing the KATLOG subroutines FUI'-H'ON and PVIDYA. 
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B. Similarly obtain the 8x8 truth table for the 
collectives ’“imply” and ** equivalent” using PBIhFT, 

C,or:mcvTts _ on. ,th.e .p^u^ Problems SA_ .end,^ 

The four tables corresponding to 9A and 9B are given 
on pages 45 and 46 

belov/ in Tables 5(a»-d)/. It can be verified that they agxee 

completely with Tables 7(a»d) , pages 120, 121 of MR»53 which 

were obtained by intuitively working out the logic of each 

QL-1 binary relation from ab J.,n it.ip considerations based on 

the definition of the QL-1 relation in terms of the input 
of 

truth values/ ax, bx and cx. 

Problems 1 0 A and 10B 

Both the functions PUNOR and PUhAI^D as well as the general 
subroutine PUNPDT can be checked by obtaining a set of tables 
similar to Problem 9 from the MATLOG programs. This is done 
via problems 10A and B. 

10A : Print out the 8x8 truth tables for QL-1 ”or”(PUP0R) 
and 0L“«1 ”and” (PUPATCP) for, the logical illation (q 2 x)(ax Z == bx) 


for 2 = A, 0 • 
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EsSsle 5 ji — O utputs of. the subroutines PUNOR. PUMAMD and of 
PUNPIxr for E(1, 1) and 1(1, 1) 


(a) 

nMl'ui/i Ml 

PON I ON 






QUA 

QUA A!...!... 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

I MP 

Al. 1... 

AI.J.. 

ALL 

A! 1. 

ALL 

Af 1 ... 1 ... 

ALL 

ALL 

I MP 

Ex^;- 

AIJ.. 

EXS 

EXS 

EXS 

EXS 

EXS 

EXS 

IMP 

N A !... 

ALL 

EXE 

IND 

NAL 

EXS 

IND 

IND 

IMP 


AI,,L 

EXE 

NAL 

NEX 

SOM 

IND 

AON 

IMF-’ 

QOii 

ALL 

EXS 

EXS 

SOM 

EXS 

EXS 

EXS 

IMP 

IND 

ALL. 

EXS 

IND 

IND 

EXS 

IND 

IND 

IMP 

A DM 

ALL. 

EXS 

IND 

AON 

EXS 

IND 

AON 

IMP 

IMP 

IMP 

IMF- 

IMP 

IMP 

IMP 

j;mp 

IMP 

IMP 

(b) 

Gurpu'r nr 

PUT DVA 

- 






QUB Hi L 

EXS 

NAL. 

NEX 

SDM 

IND 

AON 

I MP 

QUA 









ALL. 

AL. 1... 

EXS 

NAL 

Ni::x 

SOM 

IND 

AON 

:i: MP 

EXSn 

EXS 

IND 

NAL 

NEX 

NAL 

IND 

IND 

IMP 

WAL 

NAL. 

NAL. 

NAL 

NEX 

NAL 

NAL. 

NAL. 

IMP 

NEX 

NEX 

NEX ^ 

NEX 

NEX 

NEX 

NEX 

NEX 

IMP 

SOM 

SOM 

NAL 

NAL 

NEX 

NAL 

NAL 

NAL. 

IMP 

IND 

IND 

IND 

NAL 

NEX 

NAL « 

IND 

IND 

IMP 

A Q N 

AON 

IND 

NAL 

NEX 

NAL 

IND 

‘AON 

IMP 

IMP 

I MF- 

IMP 

IMP ■ 

IMP 

IMP 

IMP 

IMP 

IMP 
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OUTPflT F 

OVB A 1,1... 

of;: pp 

EXS 

INPT OF 

NAL 

• E < :l. 

NEX 

5^ :l. ) 

SOM 

IND 

AON 

IMP 

QUA 

ALL 

ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP 

EXS 

EXS 

IND 

IND* 

NAL 

IND 


IND 

IMP- 

NAL 

NAL 

I NO 

IND 

EXS 

IND 

IND 

IND 

IMP 

NEX 

NEX 

NAL 

EXS 

ALL 

SOM 

IND 

AON 

I MP 

SOM 

SOM 

I ND 

IND 

SOM 

IND 

IND 

IND 

IMP 

:i:nd 

iN.r:i 

I Nil 

IND 

IND 

IND 

IND 

IND 

IMP- 

AON 

AON 

IND 

IND 

AON 

IND 

IND 

AON 

IMP 

IMP 

IMP 

I MP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 


) 

0 LI TP {.IT EOF 

PBINPT OF 

•• I < 1 

y :{. ) 





QUB ALL. 

EXS 

NAL 

NEX 

SQM 

IND 

AON 

IMP 

aoA 









ALL 

ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP 


ALL 

EXS 

IND 

NAL 

EX;s 

I ND 

IND 

IMP 

NAL 

ALL- 

EXS 

EXS 

EXS 

EX-S 

EXS 

EXS 

IMP 

NEX 

ALL 

ALL 

ALL 

ALL 

ALL- 

ALL 

ALL 

IMP- 

SOM 

ALL 

EXS 

EXS 

SOM 

EXS 

EXS 

EXS 

IMP 

IND 

ALL 

EXS 

IND 

IND 

prxs 

IND 

IND 

IMP 

AON 

ALL 

EXS 

IND 

AON 

EXS 

IND 

AON 

IMP- 

I MP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 
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.-An . A ^ (Revised 12^10^8?) 

J.-S • xriut -che truth tables for the above predicate 

calculus relati.on for the connectives E(1, 1 ), 1(1, 1), A(2, 2), 

0(2, 2) usin^ une gexierai subroutine PJIslPDT for these cciinectives ® 

Ccf:--T;cnts.,qn_ the . output of rrobleos.. 1QA^._epd 1(B 

The outputs are shown in Tables 6(ao»d) in pages 48 and 49. 

It viJl be noticed that the tables erre not syraiiietric in the two 
inputs, namely QVZ and QVA, since the former is tl^ Quantifier 
associated with the connective g , while the latter is the input 
It can be checked that the first two tables 6(a,b) for the 
Problem 10A are identical with Tables 6(a,b) in page 113 of MR-33, 

obta5.ned for the same problems by intuitive . a b. Init io calculations, 

using the logic of the relation between ax and bx for individual 
members of the set that are quantified. The data in Tables 6(c,d) 
of Problem 10B can be seen to agree with Tables 6(c,d) in page 
113a of MR-33, while those in (e, f) indicate how other connectives 
can be iii 5 )lemented. 


The fact that simple algorithms could be formulated for 
'wording out all the possibilities indicate the cogency and 
consistency of the algebraic formalism which has been adopted 
for predicate logic yj^ the BA-3 algebra of quantifiers. The 
tests given below are designed to check the interconnect ions 


between these formulae 




,48 


Table 6 * 
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8x8 truth tables for unary relations In QL-1 with 
the connectives A(l, 1), 0(1, 1), E(l, 1) and 1(1, 1) 


(a) OUTPUT OF PUNOR 



ALL 

EXS 

NAL 

AL(... 

IND 

IND 

EXS 

EXS 

IND 

IND 

IND 

NAL 

IMP 

NAL 

NAL 

NEX 

IMP 

IMP 

NEX 

SOM 

IMP 

NAL 

NAL 

IMD 


IND 

IND 

AQM 


IND 

IND 

IMP 

IMP 

IMP 

IMP 


NEX 

SOM 

IND 

AON 

IMP 

^ ALL 

EXS 

IND 

IND 

IMP 

EXS 

IND 

IND 

IND 

IMP 

NAL 

NAL 

NAL 

NAL 

IMP 

NEX 

IMP 

NEX 

NEX 

IMP 

SOM 

NAL 

NAL 

SOM 

IMP 

IND 

IND 

IND 

IND 

IMP 

AON 

EXS 

IND 

IND 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 


OUTPUT OF PUNAND 


Q'JZ 

«^A ALL 

EXS 

NAL 

ALL 

ALL 

ALL 

IMP 

EXS 

EXS 

EXS 

EXS 

NAL 

NAL 

IND 

IND 

NEX 

NEX 

NAL 

IND 

SOM 

SOM 

EXS 

EXS 

IND 

IND 

IND 

IND 

AON 

AON 

IND 

IND 

IMP 

IMP 

IMP 

IMP 


NEX 

SOM 

IND 

AON 

IMP 

IMP 

IMP 

ALL 

ALL 

IMP 

IMP 

EXS 

EXS 

EXS 

IMP 

IND 

IND 

IND 

IND 

IMP 

IND 

NAL 

IND 

IND 

IMP 

IMP 

EXS 

EXS 

SOM 

IMP 

IND 

IND 

IND 

IND 

IMP 

IND 

NAL 

IND 

IND 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 
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(c) OUTPUT FOR PUNPDT OF E(l,.l. ) 


QVA 

QKJZ 

ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

I Ml"' 

ALL 

ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP 

EXS 

EXS 

IND 

IND 

NAL 

IND 

IND 

IND 

IMP 

NAL 

NAL 

IND 

IND 

EXS 

IND 

IND 

I' N D 

IMP 

NEX 

NEX 

NAL 

EXS 

ALL 

SOM 

IND 

AON 

IMP 

SOM 

SOM 

IND 

IND 

SOM 

IND 

IND 

IND 

IMP 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 

AON 

AON 

IND 

IND 

AON 

IND 

IND 

AON 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 


(d) 

OUTPUT FOR PUNPDT i 

OF 1(1. 

r 1. ) 




QMZ 

QUA ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP 

ALL 

ALL 

EXS 

IND 

IND 

EXS 

IND 

IND 

IMP 

EXS 

EXS 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 

NAL 

NAL 

NAL 

NAL 

IMP 

NAL 

NAL 

NAL 

IMP 

NEX 

NEX 

NEX 

IMP 

IMP 

IMP 

NEX 

NEX 

IMP 

SOM 

SOM 

NAL 

NAL 

IMP 

NAL 

NAI 


IMP 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 

AON 

AON 

IND 

IND 

IND 

EXS 

IND 

IND 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 
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(e) OUTPUT FOR PUNPDT OF A(2f2) 


QUA 

QU7 

ALL. 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP- 

ALL 

ALL 

ALL 

IMP 

IMP- 

IMP 

ALL 

AI..L 

IMP 

EXS 

EXS 

EXS 

EXS 

IMP 

EXS 

EXS 

EXS 

IMP- 

NAL 

NAL 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 

NEX 

NEX 

NAL 

IND 

IND 

NAL 

IND 

IND 

IMP 

SOM 

SOM 

EXS 

EXS 

IMP 

EXS 

EXS 

SOM 

IMP 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 

AON 

AON 

IND 

IND 

IND 

NAL 

IND 

IND 

IMP- 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 


(f) 

OUTPUT FOR PUNPDT OF 0(2 

r2) 




QUZ 

QUA ALL' 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP- 

ALL 

IND 

IND 

EXS 

ALL 

EXS 

IND 

IND 

IMP 

EXS 

IND 

IND 

IND 

• EXS 

IND 

IND 

IND 

IMP- 

NAL 

IMP 

NAL 

NAL 

NAL 

NAL 

NAL 

NAL 

IMP 

NEX 

IMP 

IMP 

NEX 

NEX 

IMP 

NEX 

NEX 

IMP- 

SOM 

IMP- 

NAL 

NAL 

SOM 

NAL 

NAL 

SOM 

IMP 

IND 

IND 

IND 

IND 

IND 

IND 

IND- 

IND 

IMP 

AON 

IND 

IND 

IND 

AON 

EXS 

IND 

IND ' 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

TMP 
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. 30 * 

Pr oblem^^^ 1 1 

A : '/erify that the tv/o ways of writing the equivalence 
r elat irxn j as disjunction of A(1,1) and A(2j2)jand the conjunction 
of I ( 1 ? 1 and I ( 2 j 2 ) ,j whic h is v al id in SNS^ c an be c arr ie d ov e r 
to Q.h-1 . This can done by v/riting the equivalence relation 
ax E( 1 5 1 ) bx as 


(ex 

A(1, 

1) 

bx) 

0(1, 

1) 

(ax A(2, 

2) 

bx) 

(I6a) 

(ax 

1(1. 

1) 

bx) 

A(1, 

1) 

(ax 1(2, 

2) 

bx) 

(l6b) 


B : In a similar mariner, check the following Be Morgan 
reI<ation given in ( 17)^ analogous to the Be Morgan relation in 
SMS^ between the connectives 0(1, 2) and A(1, 2) : 

(ax 0(1,2) bx) 4(1, 2)-^ bx) (17) 

SoJ.ution of the Problems 11A and B 

The MATIBG statements to be verified are as follows: 

GVC1 = FBI\'ION(PVIDYA(QVA,QVB) , 

FVIBYA (Q'NOT ( G^/A) , QNOT ( ) ) ) 

QVC2 = PVIDYA(PIMPLY(QVA,GV3) , PIMPLY(QNOT( Q7A) .QNarCaVB))) 
where PIHFLY(QVA,QVB) = FUNION(QNOT(QVA),CAfB ) 

The 8x8 tables for QV’C1 and QVC2 obtained as computer outputs 
are given below in Table 7, page 51* 
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Table., 7 _ _ Outpu t fo r Problem 1 1A 


QMC1. 


QKfB 

ALL 

EXS 

NAL 

NEX 

S Cl M 

IND 

AON 

IMP 

ALL 

ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP 

'IXS 

EXS 

IND 

IND 

NAL 

IND 

IND 

IND 

IMP 

NAL 

N.AL 

IND 

IND 

EXS 

IND 

IND 

IND 

IMP 

NEX 

NEX 

NAL 

EXS 

ALL 

SOM 

I ND 

AON 

IMP 

SOH. 

• SOM 

IND 

IND^ 

SOM 

IND 

IND 

IND 

IMP 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 

AON 

AON 

IND 

IND 

AON 

IND 

IND 

a6n 

IMP 

IMP 

IMP 

IfjP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 


QK/c: 


QOB 

QVA 

ALL 

EXS. 

NAL 

NEX 

SOM 

IND 

AON 

IMP 

ALL 

AL.L 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP 

EXS 

EXS 

IND 

IND 

NAL 

IND 

IND 

IND 

IMP 


NAL 

IND 

IND 

EXS 

IND 

IND 

IND 

IMP 

NEX 

NEX 

NAL 

EXS 

ALL 

SOM 

IND 

AON" 

*IMP 

SOM 

SOM 

IND 

IND 

SOM 

IND 

IND 

IND 

IMP 

IND 

I ND 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 

AON 

AON 

IND 

IND 

AON 

IND 

IND 

AON 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 
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It will fce seen tfiat the two tsbles completely a^jree 
md also that they e^i’ee with Tab?Le 7(d) of KR“53> where tJ's 
8x3 table, obtained from apriori logical ccii.s.1ijsr-ations, is given, 

11B : The MTLOG statements for verifying the equivalence 
of the r»h,s and l.h.s of,(l7) are 

PBINFT(QVA,SM0,S1sS25QVB) s QVC1 

Qrwr(PBINEr(QliOT(QVA),SMA,S1,S2, QI^Or(QVB))) = QVC2 

The check that QVC1 = QVC2 for all possible quantifier states, 

Q1 to Q8, for the inputs QVA and QVB, may be seen from Table 8 
below. This indicates the essential facility of MTLOG 
algorithms to take care any general logical statement in 
OL-I. It should be noted that "negation" is aNOT, corresponding 
to the BA-3 operator N, for QL-1A logic, and this is uhiformly 
applicable to all formulae. The reason for this is because 
the negation is for the predicate and not for the quantifier 


as in QL-2 logic. 
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Output f or Problem iiB 


QMCl 


QUB 

QUA 

ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP 

ALL 

ALL 

ALL 

ALL 

ALL 

ALL 

ALL 

ALL 

IMP 

EXS 

ALL 

EXS 

EXS 

EXS 

EXS 

EXS 

E X S 

IMP 

NAL 

ALL 

EXS 

IND 

NAL 

EXS 

IND 

IND 

IMP 

NEX 

ALL 

EXS 

NAL 

NEX 

SOM 

INI! 

AON 

IMP 

SOM 

ALL 

EXS 

EXS 

SOM 

EXS 

EXS 

EXS 

IMP 

IMD 

ALL 

EXS 

IND 

LND 

EXS 

IND 

IND 

IMP 

AON 

ALL 

EXS 

IND 

AON 

EXS 

IND 

AON 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 


QUC2 


QUB 

QUA 

ALL EXS 

NAL 

NEX 

SOM 

'iND 

AON 

IMP 

ALL 

ALL ALL 

ALL 

ALL 

A L. L 

ALL 

ALL 

IMP- 

EXS 

ALL 

EXS 

EXS 

EXS 

EXS 

EXS 

EXS 

IMP 

NAL 

A LI. 

EXS 

IND 

NAL 

EXS 

INX!! 

IND 

IMP 

NEX 

ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON^ 

IMP 

SOM 

ALL. 

EXS 

EXS 

SOM 

EXS 

EXS 

EXS 

IMP 

IND 

ALL 

EXS 

IND 

IND 

EXS 

]; ND 

IND 

I MF- 

AON 

ALL 

EXS 

IND 

AON 

EXS 

I ND 

AON 

I MF- 

IMP 

IMP 

. IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 
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Froble.mJ2A^^^B 

These tv/o pi‘o])leiiis require a new function PSMXCP, v/uich is 
described in Section 4(f) in pages 56 and 57 which should be 
read l;efoie going fuither. These tv/o problems v/ill be based 
on Eq,(13) on page 43 and will check the validity of the 
equivalence given therein for chosen . inputs. Problem 12A ' 
wil l ciieck PbIhPr and PSTV^ while 12p will check PUIkPDT. 

1j?A : Check the equality of the resultant truth values 
and Cp of the tv/o equivalent statements (l8asb) for tlae 
0x8 rsossible pairs ax, bx. 

''"i(3x)(pc I bx) 4^ bx) (I8a,b) 

8ol„utipr to. Pro b lem 1 2A 

The IhVrLOG- statements for this can be given as follows: 

PSTV(QC0FiP(Q6) ,GVA,SMI,S1 ,S1 ,QVB) = SVC1 
FSOT(Q1,CVA,PSIC.CF(SHI,S1,S1),QVB) = SVC 2 

Input QVAjQVB = Q1 to Q8 . 

The eouallty of SVC1 and SVu2 may be seen froni Tables 9(a, b) 
uts for SVC1 and SVC2 . 


giving the outp 




Table 9 s 

8x8 Tables 

.5A 

of 

' • 

SVC1 

and 

CM 

O 

tor 

PSTV 

MR-fa1 

MAlLOG-2 

QMB ALL 

EXS 

NAL 

VC:!. 

NEX 

SOM 

iNn 

AON 

J Ml"- 


QVA 

ALL- 

F 

r- 

D 

T 

F 

D 

n 

X 


EX S 

F 

F 

n 

D 

F 

n 

D 

X 


NAL 

F 

F 

i“ 

F 

F 

F 

F 

X 


NEX 

F 

F 

F 

F 

F 

!“• 

F 

X 


SOM 

F 

F 

!" 

F 

i" 

F 

F 

X 


IND 

F 

F 

n 

■ D 

F 

n 

D 

X 


AON 

F 

F 

D 

D 

F 

D 

9 

X 


IMP 

X 

X 

X- 

X 

X 

X 

X 

X 








0VC2 



QVB 

ALL 

EXG 

: NAL 

NE 

X SOH TNI 

J A 1.? N 

I Mr 

QVA 








ALL : 

jr 

f 

D 

T 

F D 

D 

■ >■* 

EXS 

■; ;f 

F 

D 

D 

j- y;) 

I? 

-•'X 

NAL 

F 

F 

F 

F 

F F' 

F 

V 

NEX 

F 

F' 

I" 

F 

F F' 

F 

X 

SOM 

F 

F 

F 

F 

F F 

F 

X 

IND 

F 

F 

D 

D 

F D 

-43 

X 

AON 

F 

F 

D 

D 

F D 

D 

X 

TMP 

X 

X 

X 

X 

X X 

X 

X 
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C'leck the equal 
outi'iuts b^x ae/i b.,x 

• ‘ 1 •'^c. 


ity of the quantifier sta 
fiven by (I9o,l0 for all 


tes of the 

the eight possible 


;:UoJrLifier states of (q^xjand ax 


^1(q;,x)(|>: I bx) v-> b.,x (lOg) 

.. y, , , c 

ax, (q,xiU.x I bx) i-> b.x (ipb) 


hpj J-'iioil, t.2.^ lr..9.!ll f- r”. J.2 3 

The Foitrejj stateuents for the outputs uVBl and uVb2 j 
in terns of the inputs wVZ end CVA^are as follov.'s: 


FLb, PDI ( dCCi ,F ( iVZ ) , ..YA , Shi , S 1 , S 1 ) = ■d'/B 1 
i-i:hFDT(QhLL(QVZ) iQYA,PShLXCP(SMJ,S1 ,S1) ) = QV32 


For checking the equality of GVB1 arid 0762, the 8x8 tables 


are printed side by side in Table 10(a, b) , It v,'ill be seen 
that the tv;o tables agree^ showing that the algorithms inducing 
the nev; function PSIKCP are v/ell formulated. 
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1.Q t 8x8 tables for QVB 1 and QVB2 of Problem 12B 


QUA 
QUZ . 

ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP 

ALL 

NAL 

NAL 

NAL 

IMP 

NAL 

NAL 

NAL 

IMP. 

EXS 

NEX 

NEX 

IMP 

IMP 

IMP 

NEX 

NEX 

IMP 

NAL 

ALL 

EXS 

IND 

IND 

EXS 

IND 

IND 

IMP 

NEX 

EXS 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 

SOM 

AON 

IND 

IND 

IND 

EXS 

ind’ 

IND 

IMP 

IND 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP 

AON 

SOM 

NAL 

NAL 

IMP 

NAL 

NAL 

SOM 

IMP 

IMP 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 


QVB2 


QUA 

QUZ 

ALL 

EXS 

NAL 

NEX 

SOM 

IND 

AON 

IMP 

ALL 

NAL 

NAL 

NAL 

IMP 

NAL 

NAL 

NAL 

IMP 

EXS 

NEX 

NEX 

IMP 

IMP 

IMP 

NEX 

NEX 

IMP 

NAL 

ALL 

EXS 

IND 

IND 

EXS 

IND 

IND 

IMP 

NEX 

EXS 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 

SOM 

AON 

IND 

IND 

IND 

EXS 

IND 

IND 

I MP 

IND 

IMP 

IMP 

IMP 

IMP 

IMP 

IMP. 

IMP 

IMP 

AON 

SOM 

NAL 

NAL 

IMP 

NAL 

NAL 

SOM 

IMP 

IMP 

IND 

IND 

IND 

IND 

IND 

IND 

IND 

IMP 
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The standard definition of the SNS truth value of a 

relation a Z(k, ) h = c is based on the two equations 

^alz(k,i)| b> = C.J, I Z^(k, i) I b>=: C2 , lead ing to 

c == (c^, . For doin^ this, the procedure adopted so far 

is to c o n V e rt t 'ne 2x2 mat r ix Z ( k , ) int o it s c o mp 1 e me nt b y 

taking the Boolean comx^lement of each of the components 

of the matrix. In other words, the definition of the complement 

of a matrix connective is the one associated with the Boolean 

complement of its matrix. This, and the associated formulae 
in QLOGIC 

for 3x3 matrices/, have been the main basis of all the formulae 
so far. However, in PLOGIC and ; also in FQLOGIC , we find 
the need to assoclate pame Z(k, £) with the designation of 
Z as one of A, 0, E, I , and the indices k or ^ standing for 
SI or S2, and these are to he transformed into the n^e and 
ind ices of the complement of the connective. Thus, 

A^'Cl, 1) = 0(2, 2)', r(l, 1) = 0^(2, 1) = A(1, 2). Denoting 
the original connective hy P^and its complement by g, we wish 
to associate the name P, and the indices kp and -^p , with 
the name Q and the indices kg and ’ -^q a suitable functiom 
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This is readily possible, in terns of our MATLOG notaticn, 
by defining a new function called ^riazne^complement” of an 
SNS matrix in FLOGIC^ namely PSI^’-iXOPj having the following 
structure . 

(xiii) Nanie-complement of. an S.^S conriective in PLOGIC — Q 
Denoting P by SMXPjSKP^SLP and Q by SI'iKQySKQ jSLQ, we have 
PSpLXCF(SPiXP,SKPsSLP) SMXQ,SKQ,SLQ 
For SI'^IXP == SMA, SMXQ SMO, SKQ SCOMP(SKP), SLQ == SCOMF(SLP) 

SPiXP « SMO, SKXQ = SMA, SKQ == SCOPIP(SKP), SLQ ^ SCOFiP(SLP) 

SMXP SMI, SMXQ = SMA, SKQ = SKP, SLQ « SCOMP(SLP) 

SMXP s SME, SMQ « SME, SKQ = SKP, SLQ « SCOMP(SLP) 

subroutine’ 

As mentioned in connection with Problems 12A arid 12B, this / 
has interesting possibilities for solving problems in PLOGIC 
and POLOG, using the algebra of QL~1A and QL»1B. It can be side 
stepped and incorporated in the program for 'Various functions as 
given below. However, the function PSMXCP is very valuable for 
theoretical analysis of the inter-relations between QL-2, QL-1 
QL“1A and QL-1B^ and the program is likely to find application 
In checking such formulae. In fact, the discussion given in the 
next Section 4(g) arose as a result of testing such ideas in 
connection with the algorithmization of QL-1B* 

fgj of the matrix of a *^l o„Eical/L^gnT^ecJjv^^ 

As mentioned above, when the above ideas "were fed in fof 
PQLOGIC (see Section 5), we observed that there is a need for a 
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:ri}r'Ctior! for obtaining the matrix l^(k, £)\ in QL-2 .for a 
relation of tlie type (\/x)(sx) 0(2, 1) ( j y) t't'y) f fi'om the 
three given data, namely (yx),0(2, l),(9y),7bas not been 
forrnjated r s en aly or it hm in tb^TLOG , although it is irardied 
in (17) of 5ectio.a l(c) dealing >/ith logical operators in QL-2, 

In tlae above example, the Sl^S connective Q(2, 1) , standing 

for '■ la [/ b, is converted, by addition of the cuantiiiers 

(\/x) cDG (3y) to I and b , into the fonr^ \/ (3y)( 

corresponding to the QL-2 connective 0(^, ^) ♦ The featui-^ that 
requires attention, from the point of viev; of the algori trim, 
is that the operation of *r:egation^ in SKS (SCCiiP) in V b 

is converted into the cpeiation of *’ complement at ion” in GL-2 
(GM3M) in ( V>^) > ^nd the latter is attarhed to the 

jpuanqif ieg^ \/ v.’hich is associated vith ana not to the 

j'.>redicate g. • This may look obvious, but ix nas to be properly 
introduced into thS set of subroutines, for it fin-is application 
in various problems. In fact, in an ajialogous situation in '^in- iB 
(I/ x) ( 3y) ax V by) has the equivalent form (W-xqiC I gx) V 
(3y)(by) in £1-2, which corresporiQS to the connective 0(5, 6), 
and the SKS "negation SC CliP in — li^ is cojivei’ted into the 
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'■ne^o'Gion’’ of tlie quantified term In QL-2, corresponding to the 
operation QKBN, The full algebraic theory of these is 
ch.rivable from tlie material presented in MR‘-53 and but 

it is .found that they take a mijch simpler algorithmic form 
which hais been discovered in the alternrjt at computerizing them. 

A brief summary of the thieory of QL-*1Bj and tlie algoritlirn for 
the iniplenjent ation of elementary statements in CL-1B via their 
QL 2 0 q u i V al e nt s j ar e presented in Sect! on 5 b e 1 ov/ . The 
treatment here closely foliov/s the notation adopted in hR-56^, 
Lei‘Cturc«4^ for QL-1A and v.’hich v;e have adopted for PLCXIIC. Since 
the form of the relation in QL~1B is similar to GL-I^V'/hile 
it is implemented by converting it into QL-2, these types of 
statements are put under the title ’*FdLCGIC’‘ and discussed 
in the next Sections 5(a,b). The x-»rocedure for obtaining 

the equivalent niatrix connective is closely similar to that 
in PLOGIC and the corresponding algorithm is given 

in Section 5(b), 

In vievj of tljese, v;e give belov; the amended form of 
Q(xvli^) as G(xviia) and G(xvii b) , the first to obtain the 
nams of the matrix Gi'iZyQKjQL in terms of QVK ^SK^SL^hVL^ 
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curd the second for obtaining the matrix elements of the 3x5 
matrix corresponding to QKZ,QP:,0L. ¥e gi^e^ in Sec^tion 5(c), 
tlie subroutine PQ( i)j corresponding to Q(>rviia)^as applied to 
FuLOOlC . 

( XV .1 i. a ) it a ;lnpi X p onn e c tiy e in_. dLOG I C d e f Ined. yJ.ji an, .dhd l Oj. i c a 1 

QltC0h(CiVK,Sl>0C,SK,SL5QVL) - 

The notation may be illustrated by the example given above^ 
for v.iiich v/e have 

QhCat(Ql, SKI,S2,S1 ,Q6) = atIjQ2,Q6 

The statements required for this subroutines are 

QtZ = CilA , QltO , QMI , QltE according as Sl'-'iX = SItA j SItO,SMI ,SME 

QK = QEQU(QVK) ,GNOTvOVK) according as SK = S1,S2 
GL = QEQU(QVL) ,atiO^(QVL) according as SL = S1,S2 

( >rv i ib ) hatrix el ements of a QL~D lo.gica l cpnne .ctxrve : 

h(iS.f)l = i = ^'2,3, 0 = 1,2,3 

Qi.,xiT£L(Qi-2;,QK,iL) = a-;(i, J) 


If 

wliZ 


QK = cj;.xkptCqk,ql) 

If 

GitZ 

= tjto. 

Q2''i — vaiQ X C '} 

If 

Ql’tZ 

= Oltl , 

CM = GiDIRSM(QCOKP(QK) ,QL) 

If 

QtiZ 

= QMB, 

ca^i = aDIREa(QK,QL) 
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. , 1 LllJiArJ-.® ix,. J-XX: ^ i-O n 

El e niefjt ar .V . st Qie::er^_ ±n .QL-1B 

Just as QL-1A employs a vsusntifier associated v:ith the 
logical cojinect ive . for a stater-ent composed of relations 
h 0 1 ve G n n u ani: i f ie r st at e s , in t he f orm ( q y x ) ( ax Z ( k , ^ ) h:: ) , 
the uL“1B type has the standard form, 

(^x)(q2y) (£X'Z(k,r) by) (l) 

Typical examples are 

(\/x)C9y) (fx =■«=#> by) (2a) 

(3x)(9y) (|x A by) (2b) 

In our notation and formulation of predicate logic, statements 
of the type (2a) and (2b) have a very specific interpretation 
\viiich is somewhat different from the standard one ; but all 
standard relations can be shovm to be expressible, in one form 
or the otheTjin terms of QL-2, QL-1A and GL-1B forms. 

Thus, in (2a) and (2b), the variables x and y associated 
with a and b are d^i f f er en t in QL-IP, and the quantifier 
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associated with each is given by the variable that is adopted 
for the corresponding quantifier, Cthervise, there is no 
significance attached to the sequence of the quantifiers. 

Thus for exaiuple, 

( a) as ( ^ y) ( V x) ( ax — ^ by) ( 3 ) 

It becomes particularly obvious when this is written in terms 
of the disjunction operator e.s 

(2a) ^ (\/x)(Jy)( — ! ax V by) H (\/x)(3y)(by SJ C^a) 

^ (3) rE (3 y)(\/^-)("7ax V by) 

In Eqs. ( 4 a) and (.4b), there is no first term and second term 

within the bracket since they are connected by the cjjniigut 

OTierator "or”, and no difference can be associated with the 

sequence of the quantifiers, vdiich are different in C4a) and ( 4b). 

This feature will become particularly clear when v;e give belov/ 

the algorithms based on the essential principle of the standard 

prenex nornial form of quantifier calculus# This principle is, 

however, applied in the reverse sense in bVIiF , and the QL-IB 

form is converted into an equivalent QL-2 statement, which is 

then implen'iented by the techniques of Section 2# vve sxiall 

indicate this belov/, and only the essential lonmulae^requii'ed 

for writing the computer programs^ are given. A fuller treatment 

v/iXl be given in a separate report. 
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of ^ st a tements in prodi o^l r 

via PQLC^. 

The name FQLOG is applied to this sub-pro^'ram because 

it implernents F^type stateLients (GL~iE), but yi^ the process 

of converting them into uLOGIC statements (QL~2)* The 

subroutines for QLOGIC and FLOGIC , given in Sections 3 and 4 above, 

are assumed to be available, although they may not all be 

c onsider 

required. It is found that, just as in FLCGIC, v’e J only a 

notation and formalism for describing a PCjLOG relation and its 

unary and binary foms of iraplementation, for the sta nd ar d Si\'S 

l ogical conne ctives of the type A, 0, I, E, for a general 

2x2 matrix. The relevant algebraic fonnui.ae^v.Tiich are cornput erizec 
In Section (c)^ are given belov/. 

(i) Q L~1 B binary relation 

A binary relation, in general, has the form 


ax, by, (q^^Hq^y) Z(k,-^) by) c 

which is equivalent to the QL-2 form 


( 5 a) 

ax, by, ^ ^ ^y g 


( 5^) 

v/lie re 



Z* = Z , for A, 0 


( 5c) 

and in ( 3b), 



q(k) = q^x or q^x , according as k = 1 , 2 in 

( 5 a) 

( 6a) 

~ 5zy » according as 1,2 in 

(3 a) 

( 6b) 
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Extensions of these for Z = I, E are available, by using 
the reflation betv/een iinplicatlon and disjunction, and the 
description of equivalence as the dis.lunct.ipn of A(l, l) and 
A(2, 2), as in QL-1A* 

Thus, 1(1, 1) >= 0(2, l), so that (5c) continues to be valid, 
Z’ » Z s= I, but (6a) gets changed to 

q(k) = q|x or , according as k = 1 , 2 in (5a) (6c) 

leaving (6b) unaltered® 

Similarly, for Z(k, i*) =E(K, i), k,i= 1, 2 , the 
relation (5a) becomes 

(Szx)(q 2 y) ((ax A(k, /) by) V(ix 4(kt ’gy)) (7a) 

= (ax A(k, S,) by) \J (ax A(k' , ^’) j^y) (7b) 

where q(k) » or ^x, according as fc, k° = 1, 2 C7c) 

q(i), q(^’) = qzy or q^y, according as i, = 1, 2 (7d) 

Eqs.(7b,c,d) are valid only for the interpretation (7a) of (5a) 
for E(k, H') f and not for E expressed as the conounction of two 


implications . 




*65* MATL0G^2 

13.7.87 

This has the form 

^(^9 '^) ^y) by (8a) 

which tcikes the equivalent QL-2 form 

ax, BX £) (8b) 

and the relation between Z and Z* follows what was given 
above for the binary relation, with the chajige that, for S(k, X) 

BX, ^ 0 = A(k, £) ax A(k* , £,')) by (Sc) 

Essentially, the only new FORTRAN formulae that &re needed 
for POJLOG are those for the unar’y, and binary products, and the 
SNS truth value of a binary relation, in PQLOG* These three 
functions POBNPT, PQSTV, PQUNPT are described belcrw as PQ{ii)— (iv). 

(These are preceded by PQMCON^ in the algorithm PQ(i)^ analogous to 
QyiCON in Q(xviia)). 

(c) Subroutines in PQLOG 

U ) : Matrix connective in QLOGIC corres ponding : to „a 
logical relation in PQLOG defined via SHS 
logical connective : gCiSg) §5^2^ 

PCMCON(QVK,SMX,SK,SL,QVL) = a^Z,QK,QL 
For SMX = SFiA,SMO, OMZ *= cm,CfO 

OK = aEQU(QVK) ,aNOT(QVK) according as SK = S1,S2 
QL = QEQU(QVL) ,QH0T(QVL) accordijig as SL - S1,S2 
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For sm = SMI , QMZ = Oil 

OK s 0BXJ4 QVk) g (X:0MP(Q7K) according as SK ss Sl^SP 
QL = (DEQUIQVL), QBQT{mL) according as SL « S1,S2 

Ko equivalent single logical QL-2 connective is available 
for the case of SMX = SKE, However, the corresponding unary 
and binary relations can be ^mplenented via Eqs 7(a-d) and (6c) 
given above in Section 5(b). 

Thus, for sm. = Sffi 

Faf-iCON (QVK,SMK,SK,SL ,QVL) 

= QMXSUK(PQMCON(QVK,SMA,SK,SL,QVL) , 

Pa«ICON(OVK,SMA,SCOt'iP(SK) ,SCOMP(SL) ,QVL) ) 
and is expressible as the Boolean sum of two 3x3 matrix connectives 

PQ(il ); PQBHPT for the formulae (5) to (7) 

PC!BHPr(QVA,QVK,SMX,SK:,SL,QVi,,QVB) = BC 

where 

QVA = a, QVB = b, QVK = (^zx), QVL = (q^y) 

For SMX = SMA,SMO,SMI,SME 

BC = aBINFT(QVA,QMXP,QVB) 

■where 

QMXP = PQMCON(QVK,SMX,SK,SL,QVL) 
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The calculation of the SNS truth value PQSTV, of a binary 
relation in PQLOG, is also readily obtained in terms of the 
above subroutine P®NPr, as follows. 

POSTVs — SMS triith..vjlu5?,_of _a:.Mha^ry„re,latl^|i,ijX.,&^ 

The relevant subroutine is 

PQSTV(QVA,G!VK,SMX,SK,SL,QVL,QVB) = SVC 

SVC(1) = aBINPT(QVA,Qi'aP,QVB) 

SVC(2) = QBlNPr(QVA,QCOMP(Qt'lXP),aVB) 

where 

QMXP = PQliCON(QVK,SMX,SK,SL,QVL) 

PQ( lv); P OUNPT ; Unary pr oduct i n Q L-H 

The unary relation in PQLOG leads to a quantifier state 
as output as described in (8a,b,c), and here also, tlie function 
is evaluated by using the equivalent formula OUNPUF in QLOSIC 
as follows: 

PQUNPT(QVA,QVK,SMX,SK,SL,QVL) = QVB 
This is evaluated as 

QVB = QUNPDTCqVAjO^IXP) . 

For SMX = SMA,SMO,SMI,SME 

QMXP = PCMCONtQVK,SMX,SK,SL,QVL) 
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Mote that for SME^ we use the same definition of the equivalent 
GJ..-2 fi'iatrix as adopted in PQ(i), end described in the algebra 
me Bt‘ 5. one d In Section 5(b). 

In this manner, all elementary statements in QL-1B are 
convei-tlble into the QL-2 form, either as a unary product, or 
a binary product, and the whole structure of QL-2 can be used 
for worKing them out. It is to be noted that for obtaining 
the SMS truth value PQSTV in QL-1B, the complementary relation 
is calculated in the equival^ent QL-2 form. The need and 
consequences of this procedure will be explained in the report 
to be prepared, dealing with the improved algebraic theory of 
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Fart III : MAT LOG Program for GLCXIIC ard the theory of 
in general 

1. Introduction 

The theory of relations in Boolean algebra employing 
m X n Boolean matrices was developed first in MR-42 and has 

thereafter been applied in various v/ays , Examples of its 
application to data processing and graph theory were developed- 
in i\L0G-3l to 34 and the application of general Boolean matrices 
of this type to answer various questions in multivalued logic 
considered in MR~46 a* 

In this report, we shall consider essentially the FORTRAN 
pjMograming of the relevant equations* They follow essentially 
the same pattern as for SNSLOG and QLOGIC^ and deal with m x n 
matrices^ instead of 2x2 and 3x3 matrices for SNS and QL-2. 

Since the numbers m and n have to be left open, to be chosen 
suitably for each problem, the structure of the programs is 
slightly different. Hov/ever, the subroutines that are listed 
lollow closely the sequence that v/as adopted for SMS and OL-2. 

• -e snail call this as General Logic (GLOGIC) and indicate all * 
vecxors and maxrices and other operators in this logic by the 
airst letter G for their symbols. The basic subroutines 
are described in Sections 2 and 3 and thereafter various 
ions oz these are considered* 
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In the general case, vectors and matrices will have the 
format GVA (MI) and GMZ (MI,MJ), The former will have 
components GVA(l) , 1 = 1 , KI, and the latter GMZ (I,J) 

I = 1 , MI, J = 1 , MJ. 

(a) Additional subroutines for basic Boolean scalars 

We define three functions “Boolean multiple sum“ (BMSUM) 
“Boolean multiple product" (BMPHT) and “Boolean multiple 
Equivalence" (BMEGU) as follows 

BMSUM(BA(I) , MI) ^ BC 
stands for BMSUM =0, DO I = 1, MI 

— BMSUM *r BSUM(BMSUM, BA(I) ) 

The functions BMIET and BMEQU are given by similar equations 
as follows 

BMPDT = 0, DO I = 1, MI 
BMPDT = BPDT(BMPDT,BA(I)) 

BMEQU = 1 , DO I = 1, MI 

BMEQU = BEQU(BMEQU, BEQU(BA(I) ,3A( 1 ) ) ) 

(b) GLQGIC functions and subroutines 

i) Boolean sum of two vectors ; a © ^ £ 

GUNION CGVA,GVb,Ml) = GVC 

Check that both GVA and GVB have MI components 
BSUH (GYA(I), GVBCI)) = GVC(l) 1=1, HI 
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(ii) Boolean product of two vectors : ^ @) ^ g 

GVIDYA (GVA,GVB,MI) = GVC 
Check that both GVA and GVB have MI components 
BPuC (GVA(I) ,GYB(I) ) * GVCCI) 1 = 1, Mi 

(iii) Boolean cpmplernent 'vectpjr : ^ ^ 

GCOMP (GVAjMI) = GVB 

BCMP (GVA(I)) = GVB(I) I » 1, MI 

(iv) Boolean sum of two matrices : ** S 

GMXSUM (GMP,GMQ,MI,MJ) = GMR 

Check that both GMP , GMQ have MI,MJ components 

BSUM (a4P(I,J), GMQ(I,J)) = GMR(I,J) 

1=1, MI 
J = 1 , M J 

(v) Boolean product of two matrices ; P ® Q = R 

GMXPDT (GMP, GMQ, MI, I'll) = GMR 

BPDT (GHP(±,J), GMQ(I,J)) = GMR(I,J) 

I = 1 , MI 
J = 1 , MJ 

(vi) Boolean complement ol a matrix operator : P^ = Q 

GMXCMP (GMP,MI,MJ) = GMQ 

BCMP (GMP(I,J)) = GMQ(I,J) I = 1 , MI . 

J = 1 , MJ 

Scalar product of two vectors a;^ ® ^2 ® ^2 ® * •’^n 

GSCPDT (GVA,GVB,MI) = BC 
BMSUMCBPDT (GVA(I),GVB(I)),MI) = BC 
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viii) Unary product of a vector witli a matrix 

f (ai® Zi^) = 

aUNPDT CGVA,GKZ,HI,KJ) = GV3 
Input GVA(MI) , GM2(MI,I-'ij) 

“ Output GVB(MJ) 

BKSUM (BPEO? (GVA(I),GMA(I,J) , MI)), MI) =GVB(J) 

J == 1, MJ 

lx ) Binary product o£ a matrix with two vectors 
(Boolean truth value) \ Z 1 b)>' = c 

GBTV (GVA,GMZ,GVB,MI,MJ) = BC 
GVAP = GUNPDT (GVA,GMZ,MI ,MJ) 

BC = GSCPD!^ (GVAP,GVB,MJ) 

X ) Matrix product oi two matrices : I P 1 3 1 = 1 R 1 

GMATPT (GMP,GMQ,MI,MJ,>K) = GMR 

BMSUM (BPDT(GMP(I,J) ,GKQ(J,K) ) ,MJ) =GMR(I,K) 

I = 1 to MI , K = 1 to MK 

xi ) Direct product of two vectors : £ X b = Z 

GDIRRr(GVA,MI,GVB,Hj) = GMZ 
GM2(I,J) = BPDT(GVA(I) ,GVB(J) ) 

1=1, MI 
■■ J = 1 , MJ 

xii) Direct sum o£ two vectors : ^ + b = ^ 

GDIRSM(GVA,MI ,GVB,MJ) = GMZ 
GMZ(I,J) = BSUM(GVA(I) ,GVB(J) ) 

1=1, MI 

J = 1, MJ r 
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Xiii) Direct_eauiy^lence.^f_iii^^ = b = Z 

xy 

GDIR£QC8VA,MI,GVB,KJ) - 

GMZ(I,J) = BEQU(GVA(I) ,GVB(J)) 

I = 1, MI 
j = 1 , r-iT 


xiv ) .<^r..lar vector djj:ec^^ •• 

GSV3:'Pr(BA,GVB,Ml) = GVC 
GVC(I) = BPDT (BA,GVB(I) ) 

XV ) .^ralar direct sum 

G 3 VD SM (BA, GVB , MI ) = G VC 
GVC(I) = BSUMCBA,GVB(I)) 

xvi ) Transpose of a. matrjX • ^ 

GTRANS(GMP ,MI,MJ) = GMQ 
GMQ(I,J) = GMP(J ,1) 

1=1, MI 
J = 1, PiJ 

XV ii ) Na-h-rix t-pansf nrTPtil operators I Z \ = ( - » j 

Since these operators occur frequently in general 
classical logic involving multiple element sets, tliey are 
given short names in rlATLOC-, namely GE , GC , <j-T , GPC . They 
are defined as follov/s: 

a) GE (GMZ ,MI ,MJ) = GMZ1 
GMZ1(I,J) = GMZ(I,J) 

b) GC(Gr-12,MI,MJ) = GMZ2 
GMZ2,MI,MJ = GMKCMP(GMZ,MI,MJ)^ 

c) GTCGMZ,MI,Mr) = GMZ3 
GKZ5,MJ,MI = GTRiJ^o(GM2,MI ,hJ) 

d) GTC (Gl-iZ ,i-jl ,MJ ) = Gi'iZ4 

GMZ4 ,MJ ,MI = GMXCMPCGTRAInIS (GMZ ,MI ,MJ ) 


a ^ ^ 

a b - c 

1=1, MI 

= s 


i' act ct 




i) Definition of relational matrices ; Z(k, £) , Z = A, 0, E, I 
GHX, GVK, GVL, X = A, 0, E, I 

These are analogous to (xvii) SMZ, SK,SL of SNSLOG 
■ GfriA ,GVK,GVL = GDIRPT CGVK,GVL,!-1K,ML} 

GMO,GVK,GVL = GDIRSK(GVK,GVL ,MK,ML) 

GME,GVK,GVL = GDIREQ(GVK,GVL,MK,IviL) 

GMI,GVK,GVL = GDIRSK(GC0WP(GVK) ,GVL,MK,ML) 


ii) Relative (SNS) truth value of one term a for another b : 

GRELTV(GVA,GVB,MI) = SVC = c 

This is the general case of (xviii) SRELTV 
SVC(1) = GSCFDT(GVA,GVB) 

SVC(2) = GSCPDT(GVA,GC0KP(GV3)) 


iii) SNS truth value of the rel ation a 2_ h 

^ 

where * ^2 ^ ^ 

GSTV(GVA,GNL,GVB,MI,MJ) = SVC 
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This is the general case oi (xix) SSTV 

SVC(1) = GBTV(GVA,GKZ,GVB,MI,KJ) 

SVC(2) = GBrV(GVA,GNXCMP(GKZ) .GVB.KI ,MJ) 
iv) SKS truth value for Z = Z(k , ^ , Z = A, 0, E, I via 

relative truth value 

G3TV2(GVA,GMX,GVK,GVL,GVB,MI,Iv;j) = SVC 
If GMX = GKA 

SVC(1) = BPDT(GSCEDT(GVA,GVK,KI), GSCPDT(GVB ,GVL .I-iJ) ) 

SVC (2) = BSU>I(GSCPDT-(eVA,GCOI>iP(GVK) ,MI) ,G3CPm-(GVB ,GCOMP(GVIi ,MJ) 
If GMX = GMO 

SVC(1) = BSUI';(GSCPDl(GVA,GVK,MI),GSCPM?(GVB,GVL,iMJ)) ~ 

SVC(2) = BPDTCGSCPDlCGVAfGCOI'iPCGVK) ,MI) ,GSCPI3T(GVB,GC0MP(GVL) , 

MJ)) 

I f GliX — GME 

GVKP = GCOMP(GVK) 

GVLP = GCOMP(GVL) 

GVCA = GSTV2(GVA,GMA,GVK,GVL,GVB,IviI-,MJ) 

GVCB = GSTV2(GVA,GMA,GVKF,GVLP,GVB ,Ki ^Tvij) 

SyC(l) = BSUT.I(GVCA(1) , GVCB(l)) 

SVC(2) = BPDT(GVCA(2), GVCB(2)) 

If GMX = GMI 

GViU? = GCOKP(GVK) 

Gi-i.: = GM0,GVI:F,GVL 
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v) Output of unary relation for Z (k using the 


relative truth value of the input 


GUI'ffT2(GVA;GMX,GVK.GVL,MI.KJ) = GVB 
If GMX = GI'IA 

BAP = GSCPDT(GVA,GVK,MI) 

GVB = GSVDPT(BAP,GVL,MJ) 

If GMX = GMO 

BAP = GSCFDT(GVA,GVK,MI) 

GVB = GSVDSM(BAP,GVL,MJ) 

If GMX = GME 

GVKP = GCOMP(GVK), GVLP = GCOMP(GVL) 

GVBA = GUNFT2(GVA,GMA,GVK,GVL,MI,MJ) 

GVBB = GUNFr2(GVA, GMA, GVKP, GVLP, MI ,MJ) 

GVB = GUIilON (GVBA, GVBB ,MJ) 

If GMX = GMil 

BAP = GSCEDr(GVA,GCOMP(GVK) ,MI) 

GVB = GSVDSH(BAP,GVL,MJ) 

vi) Binary operator "agree" (G) for the general case 
GI-SG(GVA,GVB,MI) = SVC 

BCP(I) = BEQU(GVA(I) ,GVB(I)) 1=1, MI 
SVC(l) = BMPDT(BCP,MI) 

SVC (2) = BCMP(SVC(1)) 
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vii ) Matrix-Boolean unary operators S, N, M, L 

GEQU(GVA,MI) = GVB 

GVB(I) = GVA(I) 1 = 1, r-il 

GNOT(GVA,MI) = GVB 

GVB (I) = GVaCMI —1+1) I = 1, MI 

GCOMP(GVA,Ml) = GVB 
GVB(I) = BCMP(GVA(I)) 1=1, MI 

GELL(GVA,MI) = GVB 

GVB(I) = BCMP(GVA(MI - 1 + i) I = 1 , MI 


4, Applications In examnles 

i<e shall first give illustrations of the unary and 

binary relations involving a general matrix connective 

^ij (i = 1 to m, J = 1 to n) , tahixag for this purpose 

illustrarions from Tables 2 and 4 of i'iR-42. All of there 
- 

are oasea on ^student-professorVelation and its reverse 
relation' processor-student described in Table 1 of that 
rej._.e..Ca. r or reaoy reference, the four ;i;atrices P, p'" 

— u C , . , 

^ , r v;.:icn are cerivable from the relation P ^ standing 

Tor “professor of" are explicitly described in Table 1 below. 

They mate use of the four matrix-Boolean operators G 
, uTo as applied to the matrix F 


;e, GT 
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I a bl fi- 1 ., fftlir . employed for th>> 

in the student- professor •orohli 


P q 

I, p ^s 


|Pl B GMi(5,4) „ 

/l 0 1 o'' 

J ISl - IP^I- GM3(4,5) = 

/1 0 1 0 -K 

= GE(GM1(5,4)) 

8 -H> p 

f 0 1 1 0 

N 0 0 1 
>0 0 0 1 
\l 1 1 oj 

- GT(GM1(5,4)) 

s" 

P 3 

/o 1 0 0 1 
110 0 1 
\0 0 1 1 Oy 

P° - GM2(5,4) - 

/o 1 0 l\ 

; m . G«4(4,5) • 

^0 1 0 1 o"^ 

» GC(GM1 (5,4) ) 

10 0 1 

0 110 

- GTC(GM1(5,4)J 

10 110 

0 0 110 

■ 

1 1 10 
^0 0 0 iy 


(1 1 0 0 lj 


*These are typical examples, and the same pattern holds for 
any matrix relation 1 r| , and four related matrices 
t are definable. 

fThe single arrow ( — ^ ) is used to indicate a relation 
in the general theory of relations, which is to be distinguished 
from the double arrow ( for implication, and the arrow 

with a vertical line ( b— > ) ^or "leads to 
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(r) Illustration o£ unary relations 

A numlDer of chosen examples of these are given in 
Table 2. The cuerries are self-explanatory and the relevant 
vector-matrix equation that gives the solution to the problem 
in each case is given on the r.h.s. The FORTRAT^i statement 
in wATLOG is given below the query, and the input and output 
are given below that. In these simple problems, they can be 
readily verified to be true by inspection. However, the 
FORTRAN statements indicate that a whole varie ty of related 
questions that can be asked, can be expressed in terms of the 
basic functions which we have defined in FORTRAN for GLOGIC. 

(b) Illustrations of binary relations in GCLOG 

These are sunmiarized in Table 3 which is given below, 
and since they are taken from MR -42, no details are given and 
only the corresponding Boolean algebraic vector-matrix formula 
is given in each case. It can be readily verified that our 
library of FORTRAN statements can readily translate them all 
into a format suitable for application v;ith our lATLCG subroutine 
It is also evident that a whole variety of analogous x^^roblems 
can be solved by combining these formulae of MATLOG in a 


suitable manner. 



12 . 


18 . 6.87 


Table 2. Some examples of unary relations in GCLQG^ 


* 1 . Vfho are all the professors (p’) who 
teach the students in s* ? 


I p i = -Cp I 


GUrn:nr(GVS,GM1,MI,MJ) = GVP 

avs = (1 1 0 0 0 ), GVP = (i 1 10 ) 


4. V/ho are all the non-students(§*‘ ) of 
some professors in P* ? 




GUNPnr(GVP,GM4,MJ,KI) = GVS 

GVP = (1 100) , GVS =(11110) 

5- Who are all the students (s") , i ti 

attending classes taken by“professors ^1) P Ip I = <(£2 \ 
that teach s'? 


G^IATPT(GM1 ,GM3,MI,KJ,HI) = GM6 

GUI-^PDT(GVS1,CIM6,MI,r«VJ) = GVS2 

GVS1 =(11000), GVS2 =(11101) 

7. Which professors (g") in p' teach <(s1p^@^i|= <^p2| 

some student in s’? 

GUNPDT(GVS1,GM1,HI,MJ) = GVP 
GVIDYA(GVP,GVP1) = GVP2 

GVS1 = (1 1 0 0 0), GVP1 = (010 1), GVP2 = (0 100) 


10. \\'hich are the students (s’) that 
take the lectures of p* , and do 
not attend the classes of p”? 




GUNPDT(GVP1 ,Gri3,MJ,Ml) = GVS 1 
GUNFDT(GVP2,GM4,MJ,MI) = GVS2 
GVIDYA(GVS1 ,GVS2,MI) = GVS 

GVP1 = (1100), GVP2(0 110), GVS(1 O 1 O O) 


* From Table 2, MR-42. 
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12, Which students (s’) are taught by 

professors that 5o not belong to I = t 

the subset p*? ^ ^ 


GUNPDa:(GCOIvlP(GYP) ,GM3) = GVS 

GVP =(0101), GVS =(11101) 


Some examples of binary checking formulae In the 
BVM formulation of general classical relations^ 


* 

1 • Check if at least one of s* is y i i v 

related by P to one of “'p’ . C? « ^ ‘ == 1 

GBTV (GVS, GW1-,GVP, MI, MJ) = BTV ; BEQU(BTV,B1) = BC 

GVS =(1 1 0 0 0), GVP =(0110), BTV = 1 , BC = 1 (Yes) 

3 , Check if at least one of p * is / , c» ^ 

n on-related by § to one cf s* . <P I S I s> = 1 


GBTV(GVP,GM4,GVS,MJ,HI) = BTV, BEQ(BTV,B1) = BC 

GVP = (0110), GVS = (00110), BTV = 1 , BC = 1 (Yes) 


4 . 


v^heck if ail of p' are non- 
re lated by S to~ any of the 
students in s* , 


<P 1 S 1 s> = 0 


GBIV(GVP,GK5,GVS,KJ,KI) = BTV, BEQ(BTV,B2) = BC 

GVP =(011 0),, GVS = (001 10), BTV =0, BC = 1 (Yes) 

All are non-related 


* From Table 4 of MR-42 



Table 3 • Contd. 
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6 . 


7 . 


8 , 


9 . 


Check It the proTessors p* 
teaching s* have any memBers 
m c ornincn v/jL'cn "cnose p” 
teaching s” . 


<g1 IP I P’^l s2^ = 1 


GMATPr(GMl,GM3,MI,MJ,Ml) = GM5 
GBTV (GVS1 ,GM5 ,GVS2 ,MI ,MI) = BTV 
GVS1 = (10100), GVS2 = (01 

If the ^sv.'er to Problem 6 is 
"yes" , list the set of 
professors (p^) common to both. 

GUNPEfT (GVS1 ,GM1 ,HI ,MJ) = GVP1 
GUNFm'(GVS2,GKl7KI,MJ) = GVP2 
GVIDYA(GVP1,GVP2,MJ) = GVPO 
GVPl =(1011), GVP2 =(111 

Check if g' contains all the 

students studi^ing under the 
professors (p') who teach any 
of them. ~ 

GKiAl FT ( GM 1 , Gl'i3 , MI , MJ , MI ) = GMK 
GBTV(GVS1 ,GMK,GC0MP(GVS1) ,KI ,IiJ) 
GVSI =(10001 ) , BTV = 1, BC 


BEQU(BTV,B1) = BC 
001), BTV =1 , BC = 1 (Yes) 

</s1 I P I = 4>il , 

4s2 I P I = <p2 I , 

<P''l(g)<P2| =-/Pol 


0), GVPO =(1010) 

I p [ si = 1 k1 , 

<s 1 K I s‘=> = 0 

TV, BEaU(5TV,B2) =BC 
O (No) . 


If ’hlo” , list the set of /siIpI =: <^i) 

professors (pO and also the y \ \ y i 

full list of“ students (s^) <lp1|S| = c^qJ 

studying under them, 

GUNPDT (GVS1 ,GM1 ,MI ,KJ) = GVP1 

gunpdtCgvpi ,Gr':3,i^u,Mi) = gyso 

GVP1 =(1110), GYSO =(11101) 
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Before considering the particular case of GCLOG 
’/.hich is relevant for clausal relations, and which employ 
the subroutines involving GHX,GyK,GVL described above, we 
shall make some comments regarding a general problem, namely 


that of the application of Boolean connective operators 
c 


to matrix connectives, in addition to vectors 
representing terms. This is given in the next Section 5 
and. some examples are given^ after which the special case of 
clausal relations^ and their generalization into four types 
as explained in MR- 37^ will be taken up. 


5js Operations for the combination of terms and relations 

(a) Boolean operations on matrices 

Quite apart from the vector-matrix productt which are 

relevant for the "matrix” type connective [pj and the related 

matrices 1 p*"I, \s \ and Is^l, which were considered above, 

we have also made use of "Boolean" connective operators denoted 

by the symbols and ^ in some of the problems 

considered in Tables 2 and 3. However, in these applications, 

these Boolean connectives follow the same definitions as in 

oiio ejid uL-2 , namely that they correspond to the combination 

Oj. information regarding the same entity , but coming from 
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different sources, ishen applied to "terms" represented by 
vectors in BVKF, the two operators, (© , standing for 
"union" (^) , and , standing for "vidya" ( V ) , correspond 

to the union and intersection of the sets A1 and A2, whose 
members are represented by the 1's in the corresponding 
vectors and ^ respectively. Thus, we obtain the resultant 
set A, represented by a , given by the vector equations 



in these tv/o cases. 





Similarly, it is also possible to“apply the operations 
of "union” and "vidya" to^relations*^ represented by matrices. 

V/e have already employed this intuitively in SNS and QLOG 
(e.g, in the definition of the equivalence operator), but 
this requires more specific definition and description for the 
general case. Thus, the operations and are required 

in situations involving the siniult.aneous existence of two 
relations ^ and ^ as applied to the same state vector a , 
leading to two outputs b1 and ^ respectively for b . The 
question then arises : "What is the effective resultant outnut 
vector b if the two relations are both applicable to a problem, 
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either conjunctively, or disjunctively, as the case may be?" 

As we shall see below, this can be done by applying the 
Boolean sum . or oroductj operation to the corresponding elements 
of the connective matrices R1_ and respectively. Thus, 

for two relations in conjunction 

a Rh = ^ , a R2 = ^ 1 — ^ ^ (RJ. (^) R2) = ^ , (2a) 

and for two relations in disjunction, they lead to 

= k (2b) 

We have already defined the Boolean oiDerationjf of sum ^ 
and product^ as applied to matrices^ in the subroutines 
GI-DCSUli and GMXPDT , and they are definable as in (3a) and (3b) 
below : 


Boolean product; 



^^1.0 

j 

(3a) 

Boolean sum ; 




I! 

CJ. 

(3b) 

for each (i, j) , 

i = 1 

to 

m , 

j = 1 to n 

(3c) 


Tne logical reason as to why the Boolean operation 
nas to oe ap^iied oetv/een tiie components of the matrix 
elements representing the connectives^ rather than vector 
components of the tv/o outputs and , in order to obtain b 
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can be given as lollows. A general matrix relation ^ R ® b 

in GLOGIC really stands for the set of nocn relations 

a,- P-,- ^ - 1 « 1 to m* 3 « 1 to n. in vhicfe each individual 

j- J-^j o 

element aj^ of the input is either related, or non-related, to 
each individual element bj of the output, according as 

* 1, or O. Therefore, when two relations ^^i#d 

are coexistent, then each equation % Rid = leading to 

b^ from has. to be treated separately* Effectively, we thus 
have iDxn equationa,_for all pairs (i,j) with 1 » 1 to m, 

J * 1 to n, as in (4a) and (4b) ^ corresponding to (3a) and (3b) 
respectively# 




(4a) 

® ®i R^i.d 


(4b) 


These evidently lead to the matrix equations (2a) and (2b), 
respectively, in BVMF, for the general case. 


To complete the discussion, we shall indicate that the 
Boolean complementation operator, applied to a illation , leads 
from the equation a R =* b to a ~ » whei^ the elements 

of. are negated, as in 




c 


(5) 
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It should be noted that ^ ^ general, and the two 

operations, of complement ing a r*elation, and of complementing 
the output, represented by the MATLOG functions GMXCMP and 
GCOMP respectively) are entirely different from one another. 

If these distinctions regai'ding the Boolean operations 
as applied to terms and relations are borne in mind and properly 
applied, then practically any problem involving relations in 
GLOGIC can be treated, requiring only one or more of the 
operations that have been described above in MATLCXJ. We shall 
give a few illustrative examples below. 



P : b^ is the professor of a^. 


& • b^ is the examiner ' of 
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; Cop - junction of two relations 

represented by 

Find those members of the set, / ^ ^ who are both professors of 

represented by 

0 ' 

1 

:j 

and^^l » =(0 0 0 1) 

Note that the relations P and K individually lead to 
the sets ^ and ^ given by the vectors 

= (110 1), - (1111) 

and 

<(^1 1 ^ 1 - 1 =( 1101 ) 

B : Dis , -]u,nction of two relations 

Find the represent ive vector ^ corresponding to the 
members of the set b , who are either professors of at least 
one member of ^ , or - are the examiners of one member 

of ^ * 

Clearly, the relevant matrix is 


vector a ■(0 1100). 


The relevant matrix is 


iMi - ipi (Disi 






10 0 
0 0 0 
0 0 0 
0 0 0 
10 1 



lR2l = P 
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^1 1 1 o\ 

110 1 
1111 
^110 1 
1 1 0 / 

and ^ 1^1 = (1 1 1 1) 

Note that, in this case, I = I I , which can be 

proved quite generally for the Boolean sum o£ two relations • 

If we represent P and K by GMP and GMC and 
^ and b by GVA and GVB, then the FORTRAN statement for 
calculating in MATLOG is 

GVB3 * GUNPrT(GVA,GMXPDT(GMP,GM^,MI,MJ)) 


while the corresponding statement for calculating ^ is 

GVB4 » GVIDyA(GUNPnr(GVA,GMP) , GUNPDT (GVA,GME) , MI ,MJ) 
The MATLOG formula for calculating ^ is, similarly, 

GVB5 r= GUNFDT(GVA,GMXSUM(GMP,GME) ,MI ,MJ) 


C, Complementation of a relation 

The Boolean complement has already been discussed in 
Table 2, both for a matrix relation, as well as for a vector term. 

In particular, for our problem, the complement of P leads 

to the EVMF equation 
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givinkg the set of b*s who do not take classes for some 
the in the set under consideration. 

To illustrate the distinction between \ I = ^b6 1 
and (<Ca!Pl)^ » <^b2 ! , we note that they are programable in 
MATLOG by the statements 

GVB6 = GUNPDT(GVA,GMXCMP(GMP) 

and 

GVB7 = GCOMP(G’GNPDT(GVA,GMP), MI, MJ) ) 

Taking the example given above, we obtain 

= (0 1 1 0 0) /o 1 a i\ = ( 1111 ) 

110 11 
0 110 
1 1 1 1 0 1 

\p 0 0 1/ 

while 

4j^J = = (1 1 0 = (0 0 1 0) 

following 

The difference between and ^ arises from the j distinct ion: 

b6 : Set of all b(j)*s who do not teach at least 

one of the members of the set * a(i) . 

b7 : Set of all b(;5)*s who do not belong to the set 

^ that teach at least one member of the set (ai), 
rle, who do not teach any member of a(i). 

It is very satisfying to know that such hair-splitting 
difierences can be straightaway programed in MATLOG, once the 
logic is written in BVMF notation. 
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(b) Combination of two matrix relations 

In the previous subsection 5(a), v/e had considered the 

coisbinaticn of two matrices via the Boolean operations of sum 

and product as applied to relations. Howeveqr, these are 
the 

not/only ways in which two matrix relations can be combined. 

the 

There are more possibilities which belong to/matrix t3rpe 

the 

of operations rather than/Boolean type of operations. We shall 
describe these below with special reference to two problems 
and then consider the nature of such combinations more generally. 


li) Transitive combination of matrix ref at ions 

Consider three sets A, B, C whose members are represented 
by the vectors ^(i), b(j), p^(k) , i = 1 to I , j ^ 1 to J, 

k - 1 to which are related by two successive relations 
as in (6); 


|(i) M (1,3) = ^(3) 

M (o,k) = c(k) 


(6a) 

(6b) 


Then the matrix relation directly connecting ^(i) with c(k) is 


^(i) M(i.k) = £(ic) 

where 


(7a) 


1 ^ 1 


(7b) 
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In fact, this type of combination of two matrices has already 
been defined in one of the MATLOG functions listed above, 
namely GMATPT whose description is as follows. The function 
giving 1^1 = , in terms of |R1 1 = GMR1 , [^| = GMR2 

is 

GMR3 = GMATPT (GMR1, GMR2, MI,MJ,MK) 

Simple examples of GMATPT are: 

R1 = "parent of", ^ ="parent of" R3 « "grandparent of" (8a) 
R1 « "parent of", jR2 a"brother of"f— > R3 *= "uncle— of" (8b) 

It is bovious that ^having obtained the matrix R2(i»k) , we 
can forget Rd and R^ from which this was derived.^ and consider 
it as a single matrix relation and manipulate it in all the 
processes described above. For example, R3^ will be the 
relation "nephew or niece of" . It can be extended to any 
number of such successive relations connected in a transitive 
fashion. Therefore, this type of combination finds much 
application in predicate calculus. 

(ii) Tensor combination of two matrix relations 

This does not strictly come under the purview of this 
report, but is included here so as to make the list of possible 
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ways in v;liich two relations can be combined fairly complete. 

It is illustrated by the following examples. Consider three 
sets A, B1, B2 having the relations represented b 3 ^ the 
jL' VI'IF e qu at i on s 

(9a) 

where 

^ M = M(o) . M (9b) 

A good example is, 

c.(l) child, f(j) *= father, m(k) = mother (lOa) 

Then we can talk of the relation between a child and the ’’parents” 
(lather and mother) of its parents, which we shall 
represent by p(j,k). Then this relation takes the foirm 

^^) ^ “ p(3,k) (lOb) 

It is obvious that the entity R(i,o,k) is not a rectangular 
matrix, but a third order tensor in this particular case, 
i-.ore generally, a general tensor relation can be built up of 
elementary relations of the type given in (9) ^ each of which 
requires a second order tensor^ or rectangular matrixjfor its 
definition. An introduction to such general tensor relations 
in Boolean algebra has been given in MR-59, and the implementation 
of such relations/for practical problems will be considered later. 
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Two examples are given below Tor tne relations ^parent** 
standing for *^eitner father or mother", and "parents" 
corresponding to "the pair consisting of father and mother" 
of child c(i). These are described in the Sections (c) and (d) 
below. 


Cc) Union of two m atrix relatlona 

The relation "parent of" is not a third order tensor 
reiation,_but the Boolean sum of two matrix relations. Taking 
(lQa), if 

cCi) has i ■ 1 to I , flj) has j » 1 to J, m(k) has k « 1 to K 

(11a) 

we can define p( ^ ) for "parent" with the domain 

p(/^)>^*1toL-J + K (11b) 

where 

p( i ) - f(j) for , j « 1 to J (1lc) 

and 

p(i) - ai(lc) for - J + k , k - 1 to K (lid) 

Then, in the extended domain (1,^), the relations R1 ' 

(father of) and R2' (mother of), as In (12a,b) 
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|c(i)> ® <^p(^)| , 1 ^ i ^ J 

(12a) 

R2'(i,^) - 

I c(i)^ ® <p( £ )l > J * 1 ^ ^ L 

(l2b) 

lead to Kv* 

xor "parent ox" , as in \ tj) 



U'ti, £) £) 

(13) 


This ionnaiism can be suitably applied lor all problems 
requiring the relation between the union of sets such as 
F and M into a single set P « fVm , and a third set such as 
C, in the above exaB 5 )le* 

Id) Expanded product of two matrix relations 

On the other hand, the relation "parents of" is a tensor 
of the third oixier, obtained by the expansion of the two matrices 
d) hnd j^(i, k) to yield whose components 

H3(i,d,k:) are given by I14). 

R3(i,d,k) « Ri(i, 3) ^ R2(i, k) (14) 

Then, Eq.{lOb) holds for obtaining the pair p(3, k) » "f(d) and 
m(k)" of tne child c(l)* We shall consider tne MATLOG statement 
for this in due course in a later more comprehensive report 
of tensor relations. 
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-LsJ — r_glatj.oa R(ifj^ic) applied in three ways 

It is to be noted, however, that formally, the tensor 
components R(if J,k) correspond to a mutual relation between 
c(i) , Hi)f m(k), and we can obtain equally well the 
”mothe3>-child” combinations who are related to a given father 
i(j) by the equation (15). 

^(i»d#k) ■ q(i, k) (^the combinations c(i) , m(k)) (15) 

So also, the ”father«cnlld" combinations related to a set of 
given mothers mCk ) is given by Eq.(l6)« 

Htk) R(i,J,k) - r(i, j) (16) 

These also, can be incorporated in programs, but will be deferred 
for a more comprehensive treatment of tensor relations. 

6 , Generalized Clausal Relations 

In all that has been considered so far, we have used only 
one type of relation, for an mxn matrix R(if i) , namely the 
standard form of a relation ; 

^ ^ b-^ V b^ V ♦ . ♦ V bj^^ 


( 17 ) 
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in which R(i» j) is a general mxn matrix, incluaing in 
particular, the case of the matrix correspohding to the 
clausal form, namely 

( R - ^ X J ) = (GM2 . GDIRPTCGVK,GVL,MI,MJ)) (-|8) 

As already mentioned, the MATLOG equation for (17) takes 

the forms (19a) and Cl9b) for unary and binary implementation of (l7j: 

Unary : GUNPDT (GVA, GMZ, MI, MJ) - GVBP (' 19 a) 

Binary : GBTV(GVA. GMZ, GVB, MI, MJ) - BC ” (19b) 

However, as considered in MR-57, (17) has three more 


analogues. 

a 

leading to^set 

of four t 3 Ppes of relations 

R1, R2, 


R3 , R4 as 

below. 





R1 : 

a^i /\ a2 • • 

• ^ am 

V b2 V . . 

• ^ ‘’n 

(20a} 

R2 : 

a^ V a^ V . ♦ 


b^ V b^ \/ . . 


(20b) 

R3 : 

a^ /\ a^ * • 


b^ A b2 . . 

• tin 
n 

(20c) 

BU : 

V a^ 1/ . . 

* ^ «m 

b^ A b2 A . . 

n 

(20d) 


For implementing these in MaTlOG, three additional 
subroutines are needed in GLOGIC^ and one extra one^with four 
partSj in GCLCXJ* These are as follows: 



Add under GI^OGIC 
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(vil a) General co n.lunctlve product (Type A) ol two vectors 

Ca^ ® © a| ® b 2 © . . . © 4 ® ^ 

GCJPTACGVA,GVB, MI) - BC 
BCMP(GSCPnr(GCOMP<GVA),GVB, MI) ) - BC 

(vll b) General con.iupctlve product (Type B) ol two vectore 
(a^®b® ©. . . b®)® » c 

GCJPTB(GVA,GVB,MI) - BC 
BCMP(GSCPnr(GVA,GCOHP(GVB), MI)) - BC 

(villa) Unary conjunctive product of a vector with a matrix 

( © (.5 0 - bj 

GUNCJP(GVA,GMZ,MI,MJ) - GVB 
GCOMP(GUNPnr(GCOMPCGVA), GVZ,MI,MJ)) * GVB 


Add under GCLQG 

(viii) Boolean truth value ot a relation 

^ ^ four types of relations 

R1, R2, R3, R4. It is better to have four different 
functionst rather tham using a variable having the 
values 1 to 4e Thus, we have 
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(vill a) Type R1 

GBTVR1 (GVA,GMZ,GVB,MI,MJ) » BC 

GUNH3T(GVA,GHZ,MI) - GVBP 
GSCPDT(GVBP,GVB,MJ) - BC 

(vill b) Type R2 

GBTVR2(GVA,GMZ,GVB,MI,MJ) . BC 

GUNCJP(GVA,GMZ,MI) « GVBPP 
GSCPDT(GVBPP,GVB,MJ) . BC 
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(vliA c) Typ e _R3 

GBTVR3(GVA,GMZ,GVB,MI,MJ) . BC 

GUNPnr(GVA,012,Ml) . GVBP 
GCJPTB(GVBP,GVB,MJ) > BC 

(vill d) Type R4 

GBTVR4(GVA,GMZ,GVB,MI,MJ) = BC 

GUNCJP(GVA,GM2,M1) « GVBPP 
GCJPTB(GVBPP,GVB,MJ) . BC 

The theory ot these Is given completely In MR-57, axxi 
- V,. , therein 

Table 3 on page 27/contalns the lormulae which have been 
converted to MATLOG notation In this section. 
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7. Aristotle * s Syllogisms in GLQGIC 

As mentioned in MR-57, the generalized clausal relations ot 
Types 1 and 2 can be expressed via quant i Tiers as follows: 

Type R1 : (Vi)(al) (3 d)(bj) ll-type) (21a) 

Type R2 ; O i)(ai) Od)(^J) U-type) (21b) 

where the notation I follows standard symbolism adopted for 
the names of syllogisms such as Barbara * Darii etc, CSee MR 34). 
Thus 

Type A : All A are B If there is an al present, then (22a) 

there is a b;) present 

Type 1 • Some A are B <^—i ^ If all ai are present, then (22b) 

there is a bj present 

To this may be added the two classical t3^es, E and 0, of 
categorical statements, as in C22c,d). 

Type E : All A are not B 4—^ If there is an ai present, then 

there is a non-bj present (22c) 

Type 0 : Some A are not B If all ai are present, then 

there is a non-bj present (22d) 


These correspond, in terms of quantifiers as s 

Type R1 : ('[/i)(ai) -£i»> (3 d)(— I bj) (fi-^ype) 

Type R2 ; (3i)(ai) ( 3 j) ( "I bj) (E-type) 


(21c) 

(21d) 
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An analysis of the logical content of (22a-d) indicates 
that the relation R in (21a-d) has tne form ai « bj . 

vltiiCLst vritin^ cut in detail the matrix R« the 
statements (21a-d) can be taken over in QL-2 formulation, and 
the 18 categorical syllogisms that are valid, out of the 64 
that can be stated, can be worked out via QL-2 algebra, 

(This will be discussed in detail in a later theoretical report,) 
We shall show how this can be deduced using MATLOG, as below. 

From the form of the relations C21a-d), the four 3x3 
matrices for categorical statements of the type A, £, 1, 0 
can be calculated fusing (xvil) of MATLOG-2, MR- 6 I) : 


Type A ; QM2A « QMI,q6,Q6 - QM0,Q3,Q6 


Type E : QMZE » QMI,q6,Q2 « QM0,Q5,Q2 


'^yp^ 1 . J QMZI « QMI,Qi,q6 « QM0,Q2,Q6 


Type 0 : ca^ZO « QMI,Q1,Q2 - QM0,Q2,Q2 



(23a) 


(23b) 


(23c) 


(23d) 
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We shall first show that the two classical syllogisms 
which are basic to tne worKing out of all valid ones in 
Aristctls*s list, namely Barbara and Darii , follow from the 
form of the matrices in (23a-'d). In words, these two are 
as follows: 

All A is B, All B is C 4*^ All A is C ( Barbara ) (24a) 

Some A is B, All B is C Some A is C ( Darii ) (24b) 

The corresponding MATLOG equations to be checked are : 

QMATPT(QMZA, QMZA) « QMZA (25a) 

QMATPT(C^I, QMZA) « QMZI (25b) 

These are seen to be valid from (23afC) . 

Other syllogisms follow similarly* For example, Celarent 
follows as in (25c), and Ferio from (25d) • 

QMATPT((^ZA, QMZE) - QMZE (25c) 

GmTPT(QMZI, QMZE) - QMZO (25d) 

So also, the non-existence of any syllogisms of the Aristotelean 
type other than the 18 listed in MR-34 can be proved by show'ing 
that the six others in Table 3» page 33 of MR-34 (other than 
SI. No*1, Barbara and SI. No. 3, Darii ) lead to no definite 

will be seen from (26a-f) below, the 


conclusions. Thus, as 
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output matrix is QMDDD in all these cases, and it is a matrix 
tnat will give an output Q8 = (l 1 1 ), corresponding to the 
state A for universal doubt, wnatever may be the input (except 
the impossible state (0 0 0)). 


SI. No. 2: 

QMATFT(QMZE, QMZA) 

- 

QMDtOD 

(26a) 

SI. No. 4: 

QMATPT(CM20, G3MZA) 

s 

QMDDD 

(26b) 

SI. No. 5: 

C3WPT(QMZA, QMZI) 

IB 

CmDD 

(26c) 

SI. No. 6: 

QMATFT{QMZE, GMZI) 

- 

QMDDD 

(26d) 

SI. No. 7: 

QMATPr(CMZI, QMZI) 


QMDDD 

(26e) 

SI. No. 8; 

QMATHr(CMZ0, QMZI) 

» 

QMDDD 

(26f) 

where 

h 

1 





CWDDD . 1 

1 

1 


(26g) 


v-- 

1 

V 



These 

simple calculations 

using MATLOO give a proof 

of the 


consistency and completeness of ail tne syllogisms of the 
Aristotlean t3rpe in classical logic. The precise conditions in 
BVMF, under which the additional 18 syllogisms of tne ”new** type 
listed in MR— 3A' are valid^have not yet been worked out. 
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a t eme fl _t_5 _ contai n .! quant If led and unquant If led 

terms via GLCX^IC 

The formulae given below are based on the treatment 
in MR-53. In quantifier algebra (QL-2) we can have statements 
of the type QSN and SNQ with 3x2 matrices and 2x3 matrices 
respectively* These are best treated using the GLOGIC formulae 
developed in tnis report* We only give below the MATLOG 
statexQexrts which will serve for QSN unary and binary products 
and SNQ unary and binary products, with the definition of 
QSN and SNQ matrlces^ via the logical relations represented 
by them* They are not given any number since^ in each case , 
a MATLCXjt statement in GLCXiiC using the formulae given in 
Sections 2 and 3 will serve the puxpose. They are listed below* 

QSN — unary product : a Z » J 

GUNPDT(QVA,QSM2, 3,2) - SVB 
QSN — binary product : ^ « c 

GBTVCQVA,QSM2,SVB, 3,2) « BC 

QSN — relational matrices : ^ ^ £ 

QSMZ « QSMX, QVK,SVL « GMX,GVK,GVL 


where GVK « QVK, GVL -SVL 
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SNQ — unary prcxiuct : g i ^ 

GUNPDT(SVA,SQMZ, 2, 3) - QVB 

SNQ —binary product : a ^ b - c 

GBTV(SVA,SCMZ,QVB, 2,3) - BC 

SNQ - relational matrices : kX£,k + ^,k=^,k — ^ S, 

SmZ = SGMX.SVK.QVL > CHCC.GVK.GVL, 
where GVK - SVK, GVL - QVL 

Other logical functions such as relative truth value, SNS 

truth value of a relation etc • , can also be formulated 

using suitable subroutines from GLOGIC. Details are not given* 

As discussed in MR-. 53 , it can happen that the input for 
a quantified term in a relation is a non- quant if led term^ and 
vice-versa, and similerly for the output. However, the necessary 
formulae for this purpose \diich were developed in MR-53 are 
based on logic and are expressible in Boolean algebra according 
to the logical conditions that are imposed. Since this is a 
problem in logic, it is deferred for consideration in the 
detailed report on the application of BVMF for practical problems* 
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Q* Comment on the combination of two relations in general 

In Part II of MATLOG series (MR-61 ), it was mentioned 
in Section 2, page 12, that, in general, the conjuncTlcn ci 
the Boolean truth values of two relations is not necessarily 
equivalent to the Boolean truth value of the conjunction of 
the two relations, while the corresponding result is always 
true for disjunctions, and that this will be considered in 
Part III dealing with GLOGIC . This has in fact been done in 
Section 5, page 20 of this report, where, in a practical 
example, the non-equivalence of the two types of conjunction, 
as also the equivalence of the two types of disjunction, 
has been illustrated. A general proof of this is reserved 
for a theoretical report dealing with theory of relations in 
general. However, the proof that the two ways of combining 
two relations will lead to the same result for the output when 
one of the conditions (a), (b) , (c) of Section 4, page 35, of 
MATLOG-1 (MR-60) is satisfied, can be given, as mentioned therein, 
for GLOGIC, and hence for QLOGIC and SNSLCG. This is briefly 


indicated below* 



.39. 


MR-62 

MATLOG-3 

19.8.67 


(a) Unar y r^lat:i^_ns .and Bop^.^_sn^ — i^Xat; ions 

Following the notation employed in this part, we shall 

consider, in particular, the following unary relations, 

^ El ^ 5J. * ^ ^ ^ (27a,b) 

which lead, by conjunction and disjunction of the relations 
R1 and R2 , to (28a, b): 

a ^ @ = 4 (28a,b) 

So also, by conjunction and disjunction of the output vectors 
b1 and b2 of (27a, b) we obtain the outputs of (29a, b) : 

( 29a, b) 

We shall prove below that 

£ £* in general, while d « d* always (30a,b) 

The proof is from pure Boolean algebra and does not 
involve any logical considerations. It follows from the 
definition of the unary matrix product contained in Eqs.(27a,b). 
Thus, with the notation adopted in this reporii^for a given 
input a(i) , we have* 

aCi)®R1(i,j) = bl(3), a(i)®R2(l,3) = b2(d), 3 = 1 to n 

(31a,b) 

* In the succeeding equations of this section, the symbol ',5s! is 
omitted wherever it is obvious. 
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Then, it necessarily follows that 

aCi) C-"' (R1(i,d) ® R2(i,a)) = to1(3) ® b2(d) (32) 

and similarly for the Boolean sum. Hov/ever, if the vector a 
is not a basic vector^ with aCi) « 1 for a single i and 
equal to 0 for all other i = 1 to m, but is a general vector 
with more than one component ^ a(i)^ = 1, then Eq.(32) does not 
follow, and it taKes the form of non-equality of C33) : 

m — 

0 a(i) (R1(i,o) ® R2(i,o)) tiKd) ® t2(o) , j = 1 to n 

i"'’ (33) 

On the other hana, because of the associative property of the 

Boolean sum, we obtain (34) in support of Eq. (30b) ^ which can be 

written in the form (33): 

m 

0 a(i) (R1(l,j) ® R2(i,3)) b1(j) 0 t>2(3), j = 1 to n 

i*1 (34) 

a (M© Si) = ^ SI ® ^ ^ 

Thus, we have obtained a general proof of the result^ 
associated with the particular examples given in Section 5^ 
showing the non— equivalence for conjunction ^ and equivalence 
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for disjunction, of the two ways of performing this logical 
operation with two relations applied to the same input. For 
the same reasons as given above, it can be shown that (3ba,b) 
are valid for the Boolean truth value of two binary relationsi 
applied to the same input and output, in two different ways^as 
indicated there. 

U M W V W ^ CM @R2) b (36a) 

Cg M A (a gg b) ,^ 1 :^ ^ b C36b) 

This follows for the reason that V and A in these equations 
are represented by the Boolean operations © and ® , so that 
(36a) follows from the associative property of the Boolean sum, 
while no such result follows wnen Boolean sum and Boolean product 
occur together in an expression as in (36b). As mentioned in 
Section 5, tne MATLOG equations for these are quite different 
and are not expected to be equal, but tne equivalence holds in 
the particular case of disjunction for the reason mentioned 
above. The extension to SNS truth values is discussed below. 

(b) Conditions for conjunction identit y 

Before considering this, we shall first consider statements 
(a),Cb),v,c) of r<IR~60 mentioned above, under which the identity of the 
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the 

two ways of performing /conjunct ion of two relations is obtained 
change 

With slight/ in nomenclature, we have to show th^t £ = £* 
under the following three conditions. 

(a) 1M12|H|I, or lljl Q 1^1 •] 

(b) IM.1 = Ift2°l , which is equivalent to Iri^^I = V 

(c) 1^1 # 1^1 = 4^1 

We shall prove the first and the third of these^while the 
second condition (b) is found to be inaccurate. (This arose 
because of a mistake in writing that = Q in page 32 of 
MR-60) 

Condition (a) 

Taking the first condition, it follows that 
R1(i,j) «=^R2(i,j), which means that the set of 1*s in R1(i,j) 
contains all the elements having the value 1 in the set R2(i,j) 
Under these conditions, the l.h.s of (33) becomes 

m 

0 a(i) R2(i,j) - b2(j) 

i = 1 

Under the same conditions, we also obtain the result that 
b1(j) =«^b2(j), so that the r.h.s of (33) is also b2(j) 
as in (37). 


(37) 



.h3. 

Similarly, ior the second condition, it 
R2(i,j) =^Rl(l,i) b2Cj) ==$>hl(d), 

l.h.s and the r.h.s of (33) become equal to 
eoual 'to ons a.no'thsp* 
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follo’ws that 


so that both the 


b1(o), and hence 


Condition (b ) 

On applying this condition to Eq. C32), we obtain the 
result that the r.n.s is a null vector and that tnis is not 
modified in any way as a consequence of the multiple sum in 
the l.h.s of (33) • ^n the other hand> in the r.h.s of (33) > 
bl(o) is not, in general, equal to b2^(j) when the multiple 
sum is applied twice over, as in (38). Thus, 


UJ 

c'(j) = blCo)® b2(o) = ( ^ a(l) R1(i,3)) ® ^ a(i) R2(i,j)) 

1=1 1 = i 

is not necessarily equal to 0 for all j, as is the case for c(J). 
It can in fact be verified that, even for SNS , 


\R11 





(39) 


do not lead to an identity for (33)* The condition (b) is 

therefore insufficiont as a general rule for (33) to be an 

equality. A complete output table, of Problem 4A of iyiATLCG-l has 
* 

been prepared which shows that condition (a) is valid in a 


'“'^See Reporx MR— 65 ior details. 
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vast lua^ority Oj. cases :-uad only six examples are not derivaoie 
by tnis conaition. Of these, only two possibilities, as in 
C39a, b) 

■ (o i) ■ "" ■ C ”) 

'"'■(i o] ' C i) ■ I"' - (° o) 

satisfy the condition (c) , For t:.e remaining four cases, both 
IriL and jR2! have two 1’s in a row and tv/o 1’s in a column, 
or vice versa * These have logical properties of the type 
”§ is aT.vays T(or F)” and ”b is always T(or F)", so thatt 
from pure logic, if both of them are simultaneously true, we 
get txhe result "a = T and b = T” , '*a = T and b = F” , etc., 

v.rhose matrices are of the form ACk, -^j, k,/=: 1, 2 . So we 

replace the condition (b) in (37) by the following: 

(b) Both |R11 and Irb) are singular matrices, one with 

two 1’s in a new and the other with two 1's in a column. 

Tith th.ese three conditions (a), (b) , (c), of (37), all the 
cases v/here the conjunction identity is satisfied are covered, 
and they can also be generalized to QLOGiC and GLOGIC as 
described in the next section 9(c). 



Condition (c ) 
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This is best proved for SNS firsthand generalized to GLOGIC 
We coiisidei- first the two casesjEd, l)|aiid|E(l, 2)i as given 


in (40) : 


|E<,,l)|.|E|.j^’ °) • |EI1, «|. I»( - C” ’) (40, 

For each of these, there is only one combination of |ri | and |R2| 
which will lead to their Boolean product being equal to jE] or [n) 
as the case may be. We shall prove each of these cases. The 
foraulae to be proved are: 


a^) h 1 

lo 1 


(a^ B^) /l 


and 


U>| ^ 2 ) fo 1 

\1 1 


^ ^1 ^ 2 } 


0 
1 1 

'1 1 

1 u 


(ai 0 ^ 2 ) for E 


= (a^ a^) [0 1\ for W 


(41a) 


(41b) 


It is readily verified that (41a) and (4lb) are satisfied as 
shown in (42a, b); 

SU,Ll„ly,„ 

.11 or S«S. A t.El. „ 

given in t'iR-bO. page 39, dealing with Problem 4B. 
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(c) Extension to GLCXJIC 


The condition (a) in (37), for the equality of the two 


ways Oo- performing con^unv^ o j-un , is lonowsG oune generally 
in GLCXilC , and hence also in SMS and QL-2, to which it reduces 
when we put m = n = 2 and m *= n » 3» respectively* Thus 
c = is valid under condition (a), for a general mxn Boolean 
matrix. 


On the other hand, condition (c) has been proved in (42) 
only for SNS algebra employing 2x2 matrices* V7e shall now 
indicate how this can be generalized to GLOGIC when only logical 
coiiTiectives of the type a Z(k, ^) b are considered (where 
2 *= A, 0, I or E). This is possible since, for logical relations 
of the type k \/-^, k i "the relevant 

mxn matrix of the relation takes the form given below in (43a to d) 
by a suitable re arrangement of the indices i = 1 to m, and 3 to n 



(43a, b) 




(43c, d) 
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These are seen to have a close correspondence with the structure 
of the 2x2 matrices in SNS, for the four connectives A, 0^ I, E 
respectively* 

From Boolean matrix algebra, it is obvious that the four 
relations represented by the matrices in (A3a,b,c,d) will have 
properties identical with the four SNS matrices for A, 0, I, E, 
with the only difference that they refer to ^ 2 b , as 
distinct from § 2 b for SNS, In the case of 2x2 matrices, 
if and b^ are related by = 1, then the unary relation 

g J ^ leads to b^ if is input* This same sentence can be 

carried over to the general relation in GLOGIC. However, in SNS, 
there can only be one a^ and one b^ in the four quadrants 
marKed in (43a,b,c,d) while there can be a larger number of them 
(such as k/ ,.k(n - etc.) in GLOGIC. A little reflection 
will show that we have in this manner completely transferred the 
logical propei'ties of the relations k /\ £ ^ £ , 

ccrnecting the two sets represented b^'- k and £ , into the matrix 
formalism ^by using this procedure. 

Therefore, if we consider the condition (c) mentioned in 
(37) and worked out in (43) for SKS, the whole proof from (40) 
to (42) can be carried over into GLOGIC, with E(k, £) being 
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replaced by E(k, ■^) » subject to the generalizations mentioned 
above. Thus, we can prove, for instance^ that (44) is valid 
for GLOGIC . 

Ca I b) A (a^ I = a E b = (a A b) V A b*) (44) 

This is also applicable to logical connectives of the type 
involving a clausal relation|and their generalizations 
considered in earlier sections^ for which most of the results 
worked out in SNS algebra can be taken over. On the other hand, 
"as already mentioned, the results proved in (31) to (36) and 
for condition (a) of (37) are valid, not only for logical matrix 
ox>orators, but also for any general m x n matrix occurring for 
the relation in GLCXJIC. 

(d) SNS truth values 

The extension of the above considerations to SNS truth 
values is fairly straight forv/ard . For this purpose, we have 
only to show the identity of c of (43a) and c* of (45b) for 
the conjunction of two relations RJ. and R2 . 

c = t(a b) A t(a ^ P 

c* = t(a ® p C^5b) 

( using GSTV } 

It can be readily shown that this equality/is equivalent to 
two eauations (46a) and (46b) given below. 
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' ^ 1^ l^> = (46a) 

<a I b> 0<:^a I b> = <a 1 M I b > (46b) 

Of these, the second equation C46b) for disjunction is universally 

true y following from the result (35)- Therefore, the condition 

for the equality of the SNS truth values of (45a) and (45b) is 

the same as that for the equality to hold between the l.h.s and 

(GBTV) 

r.h.s for the Boolean truth values |ln C46a) . This has been 
discussed above, and we have listed the three conditions (a), 

(b) , (c) in Section 9(b) above. Therefore, if one of these 
conditions is satisfied, not only is there a conjunction identity 
for Boolean truth values, but also for SNS truth values defined 
in (45a, b). 

Since we have proved this for a general relation denoted 
by m X n matrices, it is equally true for QL-2 and SNS logic. 
Therefore, all the results obtained in the problems discussed 
in MR-bO and 61 become explainable. The most interesting 
consequence ^ from the point of view of the logic ^is that the 
conjunction of two relations is not a uniquely definable property, 
and that its logical consequences will depend upon whether the 

conjunction is applied to the two relations as such » or to the 
truth values of the consequences of each of the two relations 
applied individually. This will be pursued further in a 
theoretical paper* (See MR— 65) 
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■IQ. Comparison of GSTV and GSTV2 

T]:iis section is what has been referred to as Appendix 
to ^IR*“62 in tne prevrons two parts MR^^oO and 61 ^ with speciai 
reference to the analysis of Problems 4B, 4C of the former 
and Problems 8B, 8C of the latter. The discussion has also 
relevance to Problems 1A and 4A of the former and Problem 7 
of the latter. They form a natural extension of the previous 
section 9 of this report ^ with special reference to the differences 
between tne application of GSTV and GSTV2 to calculate troth 
values. We shall first discuss the essential feature with 
reference to Sl^iS logic and then indicate how these can be 
extended to QLOGIC and to GLOGlC in general. 

(a) Difference between 3HTV and SBTV2 

Although the two functions SBTV and SBTV2 have not been 
specially defined in MR-bO dealing with SNS logic, they are 
particular cases of GLOGIC where GSTV and GSTV2 have been 
defined. The crucial differences between the two, for relations 
expressible by logical connectives in propositional calculus, 
can be traced to the following example of Boolean truth values, 
calculated via the matrix formalism, and via the relative 
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truth values 

, for 

th 

e simple 

case 

of a disjunct icn a 

V b . 

For tiie case 

whe n 

b 

= (0 0) 

_ X 

— - v , 

the following two results 

(47a, b) are > 

obvious . 





(1 

0) . 


0 D 

= 0 

(SBTV) 

(47a) 


\ 

0 

0/ \oJ 




(1 

0) / 


(1 0) 

h 

= 1 0=1 (SBTV2) 

(47b) 


I 

,0/ 


\0/ 




Thus, for the relation aV ^ , and the inputs § = T and ^ = X, 
the truth value calculated using the MiiTLOG formulation of BVMF 
is 0, while that calculated using relative truth values as in the 
"FORTRAN Program N^AYA2« (MR-10) is 1. Even at the time that 
NYAYA was developed, we had noticed that the formulae led to a 
non— X state for the SNS truth value of a \/ b for the inputs 
a = T, b = X, even though one of the injiuts is the impossible 
state which would intuitively indicate that the relation should 
also have the contradict cry state X. This was taken care of by 
introducing an additional condition in all NYAYA formulae, (except 
union), namely "X-priority check", which made the truth value 
X if either a or b = X (see MR-12, p 40 and RR- 16 , p9, in 
particular). With this condition, it can be readily*' verified 
that 3BTV and SBTV2 will agree for all inputs and outputs and 
for all matrix relations in SNS logic o 
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■allies^ and 


In fact, when MATLOG was first developed and the first 
program for I'-iATLOG was written in MR-18, we noticed that the 
X-priority check 
the ref ore , this has never been mentioned explicitly thereafter} 
until in KR^t2 PLOGIC formulae were discussed^ where^ once again^ 
this was found to be necessary. For instance, w^e have put the 
condition 


IF GVA . OR . QVB = Q8 , QVC = Q8 


(48) 


Therefore it suggests itself that, for truth values requiring 

the condition that impossible as input always leads to 

impossible as output (except for union), 3VMF with matrix 

multiplication can always be employed, including, the case of 

union in SUNION, GUNION and QUtaON. 

( b) Extension to SSTV2. QSTV2. GSTV2 

The question arises as to why SBTV2, and the derived truth 

value formulae SSTV2, QSTV2 and GSTV2 , are necessary. This is 

best made clear by taxing the general example of GBTV2 

corresponding to the disjunction g(k, J) = ^ , which 

means, in multivalued logic corresponding to sets A and ^ 

having the subsets A^ and y that or is true' . 
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In this case j if is a null set > since 

is not a null set^if one element of this is present, then 

the given relation is true. This feature can be obtained only 

by using GBTV2^and not by GBTV^ which will automatically 

maice the output false for all inputs if B = (^ = (O 0 ... 0 0) . 

Therefore^ the converse of the X-priority check is demanded 

for set theory and multivalued logic. The matrix formulation 

is universally applicable so long as neither A nor B is a null set. 

If one of them is a null set and the relation is a logical 

disjunction of or , then GBTV2 and the analog GSTV2 

must be employed. In fact, even for the setr A and B having 

only two memberSj or three members; and the vector a^or a ^ is 

not a truth value, but represents a general 2-vector or 3-vector 

for sets, the same considerations hold. 

These are nd(/defects of BVMF, but rather very much to its 

credit^ as it is possible to distinguish clearly the application 

bo 

of m X n matrices for all m, n > 2 , ^the truth values in 
SNS and QLj and to set theory in general^ for all applications. 

It might even happen ^in set theory^ that the occurrence of the 
null set is an impossibility, in which case, this can be 
incorporated in a suitable manner in the formulae. In general. 
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if the conditions of the problem are precisely stated, it is 
always possible to construct a vector-matrix formula to take 
care of the logical features of the problem, and then we can 
make it computer implement able for solution. 

If these features are understood, then the solutions 
to all the problems mentioned above become understandable. 

Some of these are discussed below, and in MR-b5, and full tables 
of data are contained there. 


Explanation of the differences between SSTV and SSTV2 for E(K, Z) 


Analogous to (47a,b) above, the two BVMF formulae for 
a A b are as follows. 


(1 

0) 

/1 0\ 

/o\ = 0 (SBTV) 

(49a) 



VO oj 

Vo j 


Cl 

0) 

/1\ ® 

(1 0) /0\ = 1 (S 0 = 0 (S3TV2) 

(49b) 



0 

\o/ 



In this case, the two agree. In fact, as a general proposition^ 
it can be shown that all conjunctions lead to agreement between 
SBTV and SBTV2^ while for disjunctions if either a or b is X, 


then it is possible that SBTV and SBTV2 disagree. 
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Combining these tv;o results in (47) and (49), we can 
malce the foliow^ing general statement of the likely differencesr 
between SSTV and SSTV2 . 

"For all conjunctions a b , if either a or b 
is X, then it is possible that SSTV2 gives F while 
SSTV gives X" . (50a) 

"For all disjunctions 4 V b, if either a or b is X, 
it is possible that SSTV2 leads to T, while SSTV 
always leads to X’, ( 50 b) 

This covers all of Problems 1 A and 4A of Part I and Problem 7 
of Part II, 

In fact, the same considerations, extended to GLOGIC 
(as indicated in theory in MR- 65 ) also explain the conditions 
under v/hich SSTV and SSTV2 formulae give different results, 

5 SFS, and also c orrespondingly for a E b in QL-2, 

1 GLOGIC. \Ve shall not describe this in detail, 

but give some illustrative tables ''whichjwhen proved^ will make it 
clear. Since tables illustrating Problems 1 A and 4 a of Part I^ 
and Problem 7 of Part IIj ai'e given in those parts, and as the 
complete output for Problems 4C and 8 C will be given in MR-.65 , 
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we shall only give selected tables from the latter two for 
illustration below. Thus, Table 5(a) contains the computer 
outputs for E(1, 1) and §(1, 2) for 33TV2 implement at ion 
of the mathematical formulae (51a, b) , for £(l» 1)> and the., 
corresponding formula generated for E(1, 2) by replacing b by 


aEb = (|Ab)\/( — ffA W (51a) 

aEb « (a i S) i 1 (51b) 

The first two columns correspond to tne input-s ^ 
third column is a common output of (51a) and (51b) obtained 
by SSTV, while the entries in the 4th and 5th column are 
respectively those obtained with (51a) and (51b) using SSTV2 
implementation, which differ from SSTV, It will be noticed 
that such differences occur only when either a or b is X 
and also that the differring entry is always F for the fourth 
column corresponding to (51a) and T for the fifth column 
corresponding to (51b), This feature is true for all -^(h, '^) , 
as will be seen from the other examples given in Tables 5(b,c), 

A complete output for this problem is included in MR-b5. 
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Table 5. Check of Problem 4C for E(1, 1) and E(1, 2 ) 
(a) Both k and Z not 5. or U 


FROB AC 
T T 1 

T F F 

T D n 

T X X 

FT F 

F F T 

F n D 

F X X 

D T I'- 
ll F li 

l! ri M 

li X X 

V -jr V 

X F X 

X Ti >■ 


( K > L) 


p. j 


F T 


( :l - 1 ) 


PROF 4C 
T T F' 

T' F T 

T U D 

T X X 

FT T 

F F F 


T) 


F 

jTi 


li 


u 

D 

ri 


V 


( f; » L) - < 1 . 2 > 


F I 



I'lAT LOG-3 


.!>7. 


aoie Contd. 


(b) One of k,^= 3 or 


T 

T 

T 

1 

F 

F 

F 

F 

D 

D 

D 

D 

X 

X 

X 

X 


FROB 4C (K»L) = (1»3) 
T T 

F T 

D T 

X X 

T F 

F F 

n F 

X X 

T D __ 

F D 

D 0 

X X F T 

t X 

F X- 

D X 

X -- X 


PRO E'. ^4 C < K » L) = ( 1 )• 4 ) 

T T * F 
T. F F 

T D F • 

T X X 

FT T 

F F T 

F B T 

F X X 

B T B 

D F B 

D B B 

B X X F T 

X T X 

X F X 

X B X 



(c) Both k a_nci .^ = 3, 


or 



F- F' O E 

4C 

y 

7' 

T 

T 

F 

7" 

•T 

» 

D 

7 

7 

X 

X 

F" 

T 

T 

F 

F 

T 

F 

D 

T 

F 

X 

X 

It 

T 

7 

li 

F 

7 

D 

n 

T 

D 

V' 

X 

V 

T 

X 

V 

F 

/N 

X 

ti 

X 


X 

X 



PROB 

4C 

T 

T 

F 

7' 

p 

F 

T 

D 

F 

T 

X 

X 

F 

T 

F 

F 

F 

F 

F 

D 

F 

F 

X 

'✓ 

D 

T 

F 

D 

p 

F 

D 

D 

F-‘ 

D 

X 

X 

X 

T 

X 

X 

F 

X 

X 

D 

X 

'✓ 

X 



< K » L ■' = ( 2- ? 3 ) 


< K » L. > = < 3 » 4 ) 
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Table 6 contains the computer outputs for E(lj ^ , £^1/ fe) 

E(1 , 7 ) and E(7, 7) for the QSTV2 implementation of QL-2 formulae 
analogous to (51a) and (51b). In this case, the full SxS table 
is given in a square array for QSTV (first table) and also 
for both (51a) and (51b) employing QSTV2 (second and third tables) 
Of these, the first table corresponds to the agreeing results 
using both (51a) and (51b)^and also matrix mult ipiic at ion, for QSTV 
It will be seen that the second and third tables for each (k, ^) 
agree with the first table for the first seven columns and 
first seven rows, in all the examples given. However, for the 
last row and/or last column, QSTV gives always X as output, 
while QSTV2 gives some entries , which are F in the case 
corresponding to (51a), and T in the case corresponding to (5lb). 
The behaviour is closely similar to that observed in SNS. 

It is only necessary to replace the contradictory state^X^for 
the SNS terms^ by the contradictory state, for quantifier states. 

It will be noticed that there are 2x3 = 6 entries when 
both k and € are not eoual to 7 or 8, three entries if one of 
them equal to 7 or 8 while the other is not , and no differences 
at all between QSTV and Q3TV2 if both are equal to 7 or 8. 
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ible 6, ChecK oi eauatlOjQS similar to (^1a.b) for E(k, 1) 
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This is closely similar to the behaviours in SNS as mentioned 
for Table 5* In fact, it is readily verified that the 
differences between Q3TV and QSTV2 are produced only if 

I ^ S = 0 » 

or 

= D aM a. (52) 

The corresponding formulae for SNS can be put in the same 

! 

pattern as 

t(a j s(x)) = D and b = X 

. or 

t(b| s(k)) = D and a = X ( 53 ) 

These results are readily derivable from BVMF algebra, and this 
is left to the reader who may prove them even more generally for 
GbOGlC, after reading MR-65* i 
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Appendix 

The appendix to Part III, i^Jl-62 has been rsisrred to 
in MR-60 and 61 . These reierences deal essentially with 
Problems 4, 6, 7 and 8. In some cases the reference is made 
to MR-65 for the same problems. Since the theoretical 
discussions have to be given in some detail, no appendix is 
added here, but both the materials intended for this appendix 
as well as for MR-65 are given in some detail in the report 
MR -65 forming Part IV of MATLOG series. 

The proposed detailed treatment of QL-1B ^mentioned in 
page 62, MR -6 1 ^ and of tensor relations and GLOGlCy ment ioned 
in MR -62 at various placeS|have not been written up in MR-65 


for lacK of technical assistance 
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Stereochemistry of Collagen 


Ramachaiidran 

Mathematical Philosophy Group 
Indian Institute of Science 
Bangalore, India 560 012 

ABSTRACT 

This review article, based on a lecture delivered in 
Madras in 1985, is an account of the author's experience in 
the working out of the molecular structure and conformation 
of the collagen triple-helix over the years 1952 - 1978 • 

It starts with the first proposal of the correct triple- 
helix in 1954, but with three residues per turn, which was 
later refined in 1955 into a c oiled-coil structure with 
approximately 3-3 residues per turn. The structure readily 
fitted pro line and hydroxyproline residues and demanded 
glycine as every third residue in each of the three chains. 
The controversy regarding the number of hydrogen bonds per 


* The author is deeply grateful to Prof. C.H. Li, for having 
kindly invited him to contribute his review article based 
on the lecture delivered in the Central Leather Research 
Institute (CLRI), Madras, in July 1985. The sequence here 
closely follows that of the lecture, but the text has been 
edited so as to be mo3?e suitable for this journal. The 
figures have been pruned and captions added, along with the 
more pertinent references to the text* 
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tripeptide could not be resolved by x-ray diffraction or 
energy minimization, but physicochemical data, obtained in 
other laboratories during 1961-1965, strongly pointed to two 
hydrogen bonds, as suggested by the author. However, it was 
felt that the structure with one straight NH . . , 0 bond was 
better* A reconciliation of the two was obtained in Chicago 
in 1968, by showing that the second hydrogen bond is via a 
water molecule, which makes it weaker, as found in the 
physicochemical studies mentioned above. This water molecule 
was also shown, in 1973, to take part in further cross-linking 
hydrogen bonds with the OH group of hydroxyproline , which 
occurred always in the location previous to glycine, and is 
at the right distance from the water. Thus, almost all 
features of the primary structure, x-ray pattern, optical 
and hydrodynamic data, and the role of hydroxyproline in 
stabilising the triple helical structure, have all been 
satisfactorily accounted for. These also lead to a confirmation 
of Pauling’s theory that vitamin C improves immunity to 
deseases, as explained in the last section. 




Stereochemistry of ColleLgen 


1* Introduction 

It was very kind ot Dr* Thyagarajan, Director of CLRI, 
to have invited me to inaugurate the renewed activities in 
the field of basic sciences in this Institute. I am 
particularly happy about this since I have been associated 
with CLRI right from its inception in the 1950* s. I could 
not think of a better topic than the ‘Stereochemistry of 
Collagen* for the inaugural address, since it has been one 
of the main fields of activity, in our laboratories of 
Molecular Biophysics, both in the University of Madras, and 
in the Indian Institute of Science, Bangalore. As I have 
not been doing original work in this field for the past few 
years, I propose to give a short account of the various 
developments in this subject made in our laboratories, with 
special reference to the molecular structure of collagen. 
Starting from x-ray diffraction studies in the early 1950* s 
and the proposal of the correct triple helix for collagen in 
1954-55, which were followed up by confonnational analysis 
and energy minimization for its refinement, they have led to 
the delineation of the role of hydroxyproline in collagen in 
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the early 1970* s and the linking up of this to the role 
of vitamin C in immune response in 1978* These are broadly 
reviewed in this lecture. 

2. Protein helices 

Stable structures of protein molecules depend upon two 
aspects, namely the unbranched peptide chain of the protein 
molecule and the occurrence of hydrogen bonds between 
different parts of the protein chain that stabilizes its 
secondary structure* The importance of hydrogen bonds for 
helix formation became established with the theoretical 
elucidation of the now-well- known ^-helix by Pauling in 
1951* Once the parameters of the helix were found from 
stereochemistry, it took no time at all to prove the 
correctness of these by x— ray diffraction, as was done by 
Perutz. Within a year or two of the demonstration of the 
^-helix in the KMEF group of fibrous proteins, came the 
even more exciting double helix for DNA as proposed by 
Watson and Crick in 1952* The helix era had begun* 

I mention all these because I was encouraged to enter 
this field by reading the beautiful series of papers 
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published by Pauling and coworkers in 1931, and, when I was 
appointed Processor and Head oi the nev/ly started Physics 
Department in Madras in 1952, I chose x-ray diffraction, and 
x-ray crystallography in particular, as the main theme of 
our laboratory, and their application to biomolecules as the 
main aspect of this field that is to be pursued vigorously<> 
Hov/ever, I did not knov; v/here to begin^and which molecules, 
or biopolymers, were the most profitable ones to study. 

This problem was resolved by the happy coincidence of a 
visit by Prof. J.D. Bernal to Madras in the early 50’ s. 

When I put this question to him, he told me that he v^as not 
very happy with the various structures of collagen that 
had been proposed in the literature at that time, and that 
the problem was wide open. Even more than that, he indicated 
that there were some specimens of shark fin xaty collagen 
(elastoidin) in the Department of Biochemistry of Madras 
it self. 

3. First contacts v/ith collegen via CLRI 

This helped us in starting our studies. But this 
material was not the best one suited for x-ray diffraction 
purposes. We wanted kangaroo tail tendon (KTT) or beef 




- 4 . 

Achilles tendon^ Here again, it vras very lucky that the 
Central Leather Research Institute was in Madras; in fact 
it was our neighbour in Adyar. I contacted Dr. Nayudamma 
in CLRI and they obtained for us a big tubeful of KTT from 
Australia. For beef tendon, the usual procedures of obtaining 
the pure protein was done in CLRI itself. The availabality 
of x-ray diffraction photographs in our own laboratory 
for first hand studies was very useful in the solution of 
the correct structxjire, as we shall see later* 

Coming to the story of the progressive steps in obtaining 
the detailed molecular architecture (secondary structure) of 
the collagen helix, I shall only touch upon the highlights, 
particularly with reference to the work done in our laboratories. 
This report is not intended to be a review, or an authoritative 
account, but only a reminiscence of the studies made in Madras , 
Chicago and Bangalore. 


^Reference may be made to the reviews (l-4) by the author, 
and, therefore, this lecture v/ill not cite full references 
to the literature, but only the vital ones* 
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The most important featxire of collagen, that has relevance 
to the molecular architecture of its protofibril, is the 
characteristic amino acid composition of the protein^ which 
had been determined at that time for a wide range of biological 
sources (Fig* 1). it is widely different from that of other 
proteins^ The most important feature is the existence of 
one— third the number of amino-acid residues as glycine, and the 
existence of almost another one-third of the residues as the 
imino-acid residues proline and hydroxyproline. The positively 
and negatively charged amino acids are fev;, but occur in 
approximately equal amounts* The other features that had been 
reported in the literature \rere the data on infra red dichroism 
of the fibre and optical rotation of the solution* The infra 
red data showed that the groups N — H and C =«: 0 ^ of the 
backbone of the protein chain, are approximately at right 
angles to the fibre axis^and the specific rotation indicated 
that the helix was left handed, having a sense apposite to that 
of the c>C -helix* The infra red data also indicated that all 
the peptide units were -^ans , and that no cis residues 'were 
present* The x-ray pattern did not have too much of data, 
and had been interpreted diffierently by different workers* 
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Fig.1* Amino acid composition oi collagen. Note the 
occurrence of 1/3 the number of residues as 
glycine and practically another 1/3 as the 
imino-acid residues proline and hydroxyproline , 
having rigid side chains v/hich impose a left-handed 
twist for the helix (see below). (From the book (1)) 
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for the chain configuration in col lager 
There were several proposals in the literature, / some 

of which are shown in Fig* 2(a-d) . As will be seen from 

these figures, the nature of the helix proposed by different 

workers widely diff erred from one another, and the one 

shown in Fig* 2(c) was not helical at all* Some had els 

peptide units in addition to the trans peptide units, a 

feature that was contrary to the infra red information 

that only trans residues were present* It must be 

mentioned that there was no special feature in any of 

them, which reqiiired that one-third of the residues must 

be glycine* 

4. Proposal of the first structure in 19^4 

I had the good Xortuoie of having a trained crystaliographer 
and an excellent scientist in Dr. Gopinath Kartha, who joined 
me as a postdoctoral worker, in our studies on collagen* This 
gave a great spurt to our activities* Kartha and I made 
various attempts at building a structure that will fit the 
x-ray diffraction data, in addition to all the chemical and 
physico-chemical data mentioned above* A fresh indexing of 
the x-ray pattern (see Fig* 5)* indicated that the protofibril 
was about 12^. in diameter, and that it had a repeat along the 
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Di.agx'ains il3.as‘tr*a-bing t;hLe s't3njict:ijir'e s poroposed. foi’ 
collagen, "by (a) As-fbany and. Reid ( 19^) , ("b) Pauling 

and Coney (1951), ( c) Randal and cov/onKens (19 .32), 

and ( d) Cniclc (1954)* Noie iliai -fclae stnuciunos in 
(a), (b) and ( d) employ cis nesidues ion pnoline, 

v/bile (c) , wh-icb. is all bnans « is nob belical ab all. 
None oi bbem demand bbab glycine should ionm one— bbind 
bbe nurnben oi ne si dues* (Fnom (2))* 






c 

fibre axis of approximately 9-10A with probably three residues 

o 

in the repeat, corresponding to the meridional spacing of 3A, 
and having three such chains in the unit cell as indicated 
by the density* Kartha and I, being both crystallographers, 
gave the greatest value to the diffraction pattern and started 
building structures which were left-handed helices, as required 
by optical rotation, and which had N— H and C = 0 bonds 
at right angles to the helix axis, as required by infra red 
data* We also put in the condition that no cis residues were 
present, as had been found also from infra red data. All of 
these were conditions that were happily chosen, and found 
to be even in the final model* 

But the most interesting feature was that the occurrence 
of proline and hydroxyproline in the L— configujration in 
collagen restricts the freedom of orientation of the chain in 
relation to the fibre axis and permits only a left-handed helix. 
We, therefore, assumed that each individual chain had a helical 
configuration of three residues per turn, with the crystallographic 
symmetry 3 2 .* three such chains, each having the 

left-handed 3-fold screw axis S3rmmetry, were put together, 
and hydrogen bonds were fitted in, we found that each of them 
was again related to the other two by a similar 3-fold screw 
axis* A perspective view of the . structure so obtained. 




Perspective view, from the side, of the contents 
of one unit cell, for a height of 9— 10A, of the 
collagen triple helical structure (5) . Note 
that the hydrogen bonds are nearly at right 
angles to the helical axis, all residues are 
t rans « and that L-proline side chains readily 
fit in the structure, giving it a left-handed 
twist for the helix. (From (5))* 
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Fig *4, The structure in Fig. 3 projected down the helical 
axis — (a) triple helices pacKed in an hexagonal 
unit cell. Only the hydrogens in N — H groups are 
shown. Note the feature that one of the three 
cx^. -carbon atoms in the three residues occurring for 
one full turn cannot have any side-chain ^-carbon 
atom^ while the other two can have any side chain 
attached to them, including especially proline. This 
feature is particularly clear from (b) where the two 
hydrogen atoms of glycine attached to , and the 

C -atoms of the side chain in the other two residues, 
are also marked in one of the chains. (From (6)). 
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(which we published in Nature (5) in 1954) is shown in 
Fig* 3 * Fig* 4(a) contains a projection down the helical 
axis of the proposed crystal structure (reproduced from (6))* 

As will be seen from Fig* 3, the hydrogen bonds are 

nearly at right angles to the helical axis and the peptide 

units are an in the trans configuration* Also the proline 

side chain comes on the outside of the triple-chain 

protofibril. This is also seen very clearly in Fig. 4(a). 

Hov/ever the most significant featxjre of the molecular 

structure that automatically came out of the analysis was 

that every third residue in each of the three chains must 

be glycine* The essence of this is shown in Fig. 4(b), where 

it will be seen that every third residue cannot accommodate 

the ^ -carbon of any of the other nineteen amino acids 

if inter-chain hydrogen bonds are to be made in the 
as in Fig. 4(a) . 

protofibril^ / Therefore, the experimentally observed composition 

of one- third glycine, which is a very characteristic feature 

feature 

of collagen, comes out as a fundamental / required for the 
molecular fit of the three helical chains with one another in 
the triple helix. It is also seen from Fig. 4(a), that 
proline or hydroproline could redily occur in the other two 
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locations between two glycine residues, in the sequence 
— Gly — X— Y— , of the molecular chain. 

It is interesting that the exact 3-fold screw symmetry, 

of the chain invoked here, (but modified to a non-integral 

screw axis with 10 residues in 3 turns later) was found 

very soon to be valid for the polypeptides poly-L-proline (7) 

(Sasisekharan, 1959) » 

and poly glycine (8), and later / for poly-L-hydroxyproline 

o 

also , all of which have a unit height of about 3^ . 

3* Supercoiled structiore with 3^ units per repeat (9,10) 

On careful examination^ we were not fully satisfied with 
this structure, although it was apparently a good first 
approximation to the correct one* The most important feature 
that had to be refined was the number of residues per ttrrn 
in the helix* Fortunately, just tiv'o years earlier, Cochran, 

Crick and Vand(l 952 ) had published a thorough analysis of the 
theoretically expected diffraction pattern of helical 
structures, and how the geometrical features relating to the 
structure, such as imit twist, unit height, and pitch, coxild be 
obtained from a measurement of the diffraction pattern* 
Therefore G.K*Ambadi of our department took a diffraction 
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X— ray diffraction paifern of coXla^en obtained by 
keeping tne fibre at a suitable angle to the x-ray 
beam for making the 3A spot meridional. Apart from 
substantiating the approximate value 10/3 for the 
nu^pber of residues per turn (n), it also helped in 
getting the more accurate value of 3.2? for this 
quantity obtained later in I960. 
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picture of KTT, kept wet and fully stretched, and inclined 
to the x-ray beam, so as to record all the reflections down 

O 

to 1.5A, When we analysed this pattern (Fig# 5) according 

(9) 

to the foraulae of Cochran et al « we found/ that the cor3rect 
value, for the number of residues per turn in the collagen 
helix, is close to 3»3» or 10/3 (the nearest ratio of small 
integers), rather than 3* Therefore, the .individual chains 
cannot be helices with an integral number of units per turn# 
The schematic picture of one such helix, having about 3^3 
residues per turn, is shown in Fig# 6(a)# In this, P>j, P3 
etc#, represent the C atoms of ad^acex^ peptide units and 
these are separated by a twist per residue of 110® about the 
helical axis, and a displacement of 3A at right angles to the 
diagram. The number of residues per turn (n) is therefore 
360®/l10® « 3.27# This value, rather than the value of 

a 

10/3 s=.3#33, is chosen for Fig# 6 because it is based on/more 
accurate determination made in 1960# If n = 10/3 > then the 
unit twist will be 108® instead of 110®; both of these are 
to be compared to the value of 120® corresponding to n « 3 
as in Fig# 4(b). 
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Fig. 6(a) Projection of the bacKbone of a non- integral helix 
with approximately ten residues in three turns* 

(This value corresponds to 108® for the unit twist. 
However, the more accurate value of 110® correspnnding 
to n = 3.27f which v;as found later in 1960 in our 
laboratory, is used in this figure.) 

(b) When three such helices are put together, as in 
Fig. 4(b), it is seen that the condition that 
every third ^-carbon atom must be on the inside 
of the triple helix, is lost — for example, for the 
c>C-carbon atoms 4, 7 and 10. 
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(d) 


Fig. 6(c) This condition can be restored by giving a right-handed 
superhelical twist of 30® (360® - 3 x 110®) for the 
indivicmal helices as shown in this figure. 

(d) The pattern of the molecular arrangement employing 
three such supercolled left-handed minor helices, all 
of which are wound about the central axis with a 
right-handed- twist . The value of 30° for three 
residues of the superc oiling twist will lead to a 
major helix pitch of about 108A, corresponding to 
36 residues. (From (l)). 
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However, when three such helices are put together in 
the pattern of Fig. 4(h), as shown in Fig. 6(h), the condition 
that every third c><.-carhon atom mut belong to glycine, is lost. 
It took Kartha and me some time to figure out how to overcome 
this difficulty^ Finally, we discovered a way, and this was 
to make the three helices intertwine themselves further hy 
twisting around the common central axis of the structure, 
so as to form what is called a *^coiled-coil structure”. 

This feature is shown for a single chain in Fig. 6(c). A 
glycine <?C-carhon atom and the next such atom both 

now occur at the same distance from the centre 0 and on the 
inside of the major helix. However, they are not one above 
the other as in Fig. 4(h), hut are relatively displaced hy 
SL right-handed twist of 30®. The origin of this value, 30®, 
for the superhelical tvdlst will become clear from Fig. 6(d), 
where three left-handed "helical chains are put together and 
v/ound about the central axis. In this case, the atom 
of one chain (A) , and that of the next one (B) to the left 
of it, are separated by 110® about the major helical axis, 
and this gives the value of the number of units per turn of 

oC 

3.27 as required by x-ray data. If we take the atoms of 
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of the chains A, B and C, they are at heights of 0 A for A, 

O o 

about 3A for B and about 6A for C» Then, we come back to 
the corresponding atom, , of chain A at about 9A . 

We have effectively made a total left-handed twist of 5 x 110®, 
and therefore we are left with a right-handed twist of 30® 

o4. oC 

between and of the same chain A. 

It is obvious from S 3 niimetry considerations that this 
pattern can be repeated in chains B and C also and the 
resultant structure then has a non-crystallographic helical 
true symmetry with a unit twist of —110® (the minum refers 
to left-handed), about the common central axis, and has a 
repeating unit consisting of three residues ( — Gly — X — Y — ) 
in each of the chains. This is shown in Fig. 6(d). Consequently 
each peptide chain has 36 residues in the pitch of the triple 
helix. (This will be*30 if n = 3 A side view of the 
molecular structure so obtained is shown in Fig. 7* 

This structure was also published in Nature (10) in 1955, 
and the projection down the fibre axis of this structure is 
shown in Fig. 8(a,b). It will be seen from this that all the 
stereochemical properties of the non— coiled— coil structure — 
namely that the hydrogen bonds are nearly at right angles to 
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Fig. 7. Perspective view of the supercolled collagen 
structure for a height of about 30A, showing 
the backbone atoms, (From (l)). 





Fig a; 'Projection of the atoms,' in the bacKbone andoProline groups, 
in a height of three residues from 0 to 8,6 A along the 
c~axis, drawn analogous to Fig, 4(a)* Note that all the 
features pointed out for the non“Supercoiled triple helix 
in Fig •4(a) are preserved in this also. 

(b) This diagram brings out the path of the bacKbone peptide units 
(which is seen to follow the pattern in Fig. b(d). In addition 
to <^-carbon atoms, N — H and C-— 0 groups involved in hydrogen 
bonding are also shown. (From (6)). 
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the fibre axis, that every residue is a planar trans peptide 
unit, that the individual helices are left-handed, and that 
Pro and Hyp residues can be readily incorporated, in addition 
to the stereochemical requirement that Gly should occur once 
in every three residues in each peptide chain — are still 
preserved in the supercoiled structure. As will be seen 
from Fig. 7, the supercoiling about the central axis of the 
protofibril is quite small, being only approximately 90° for 
the whole length of the molecule that is shown in the figure. 

By this time, the subject of the triple helical structure 
of collagen had drawn the attention of two other laboratories 
in Britain (Rich and Crick (11 ) in Cambridge and Cown et al 
(12) in London) who had also examined the collagen structure 
on the basis of their observations on poly-glycine (8) and 
poly-L-proline (7) respectively. They obtained essentially 
the same conclusions as we did, n ame ly that a detailed fitting 
with the spacings, of the layer lines in the observed x-ray 
pattern of collagen, requires that the structure must be built 
of three individual left-handed helices, with right^anded 
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supercoiling, as shown in Fig* 8(b) . They also used a value 
oi 10/3 for n, the same as what was adopted by us in 1954-35* 

There were minor differences in the details as between 

the proposals from the three laboratories (see the next section), 

but the basic features were the same in all of these. That 

this structure is essentially correct is shown by the optical 

in 1955 

diffractometer pattern (Fig. 9) taken/by Dr. Cowan in King’s 
College >, London, using a replica of our molecular structure 
shown in Fig. 8(a), and employing diffraction of light, instead 
of x-rays, for recording it. It will be seen from Fig. 9 that 
this pattern exhibits all the features of the x-ray pattern, 
and contains the equivalents, of the meridional spacing of 
3 A ( 10th layer) , and two other strong non-meridional layers 
(3rd and 7th), in addition to a weak 4th layer. In fact 
the X— ray photograph is almost completely duplicated by this 
optical dif fractograph. Thus, the essential features of the 
helical structure, and its supercoiling, become well established 


by the end of 1955* 
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Fig. 9 (a) Optical transform recorded using the supercoiled 
triple helix. 

(b) Diffraction pattern of collagen fibre kept at 75® 
to the x-ray beam* Note the almost exact 
correspondence, in the central region, of the top 
halves of the two figures. (In the x-ray pattern 
the intensity falls off rapidly with the distance 
away from the centre, owing to disorder.) (From (6)) 




6 The guest of one or two hydrogen bonds per three residues 


Although there was thus general agreement as to the 

helical parameters associated with the collagen triple helix, 

there were minor differences in the molecular structure as 

proposed by the three laboratories mentioned above. The main 

point of difference was, as to v^ether the number of hydrogen 

bonds stabilizing the structure per three residues, was one 

or two. Pauling had enunciated the principle that the maximum 

number of hydrogen bonds would be made in a stable structure, 

and we had therefore tried to introduce both the NH ... 0 

hydrogen bonds that are possible between adjacent protein 

chains, while the third NH was nowhere near the correct 

orientation for a hydrogen bond to be formed# Ridh and Crick (11) 

North 

and Cowan, McGavinand/(12) had both concluded that only one 
strong hydrogen bond is 'possible, if the structure is to be 
not too closely packed, and, in their structures, the second 
NH group that could be involved in a hydrogen bond was left 
free. When the preprints of these papers reached us, we 
also looked into this question, and it was found that an 
one-bonded structure could be built (13). However, this could be 
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done by rotating the minor helices either in an anti-clockv/ise 
direction by +40®, or a clockv/ise direction by -15®, from the 
double-bonded structure. Both Rich and Crick and Cowan et al 
preferred the former (plus) structure, but we found that the 
latter was superior (Only this minus structure was used for 
later studies in our laboratory). 

During the succeeding years, the structure was looked 
at in great detail in Madras, and the relative merits of the 
one-bonded and two-bonded structures, both from considerations 
of molecular packing, and of their agreement with the x-ray 
diffraction pattern, were examined in our laboratory. The 
results were presented in an International Symposium on Collagen 
arranged by CLRI in I960 (14). The main conclusion was that 
the best conformation that could be worked out for both our (minus) 
one-bonded structure and our two-bonded structure were equally 
good; but we preferred the two-bonded structure because of 
the possible stability introduced by the additional hydrogen 
bond. (In fact, these studies, made mainly in collaboration 
with V. Sasisekharan and C. Ramakrishnan, brought home to us 
the fact that there were no hard and fast criteria available 
in the literature for judging a structure to be good or bad. 
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and this led us to our studies on protein conformation 
and on stereochemical criteria for peptide structures in 
generalf but that is another story.) 

From the point of view of the x-ray diffraction data, 

the calculated Fourier transforms of the two structures 

were very close to one another, and both agreed fairly well 

with the observed intensity distribution in the layer lines. 

In fact, independently, Rich and Crick (15) also reported 
with x-ray data 

good agreement/of an one-bonded structure close to our 
minus structure. 

Attempts were therefore made to resolve the question 
by means of conformational energy calculations of the two 
structures (16). Although these gave, as expected, a lower 
energy for the structure with two hydrogen bonds per three 
residues, it was found to be only marginally superior, because 
the extra stabilizing energy was mainly contributed only by 
the additional hydrogen bond, and the non— bon ded energy was, 
actually, inferior for the two-bonded structure. The situation 
was puzzling . 
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In fact, the question of the number of NH • . • 0 hydrogen 
bonds per tripeptide in the collagen structure was investigated 
experimentally in several laboratories all over the world 
during the 1960* s, using various physicochemical techniques. 
Thus, data from widely different methods, such as deuterium 

exchange (Bensusan and Nielsen, 1964 ), tritium exchange 

^ ^ McBride'^- ■ ^ ^ 

(Englander and Von Hippel, 196Z , ’ and . j _ and Harrington 1964 

calculation of shrinkage and denaturation temperatures 

(Harrington, 1964 ) , all indicated the existence of two NH . . . 0 

hydrogen bonds per three residues, rather than one (for a full 

account see (17))« 

Although there was all this evidence in favour of the 
two-bonded structure, and although, as will be seen from 
Fig. 10(a), there is a gap in the cross linking bonds between 
the chains in the protofibril of the triple helix in the 
one-bonded structure, I had an intuitive feeling that the 
structure with two straight interchain NH • • « 0 hydrogen 
bonds may not be the final answer, but that there must be some 
other way of building the hydrogen bonds for the NH groups in a 
structure having the chain configuration close to that of the 
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g. 10(a): Diagram siiowing the only set of hydrogen bonds of the type 
... O 2 linking the backbones of neighbouring peptide 
chains in the collagen triple helix. Note that these are 
too fev/, and are not sufficient to produce good stability 
for the structui’e. 

(b) : On introducing tv/o v/ater molecules with and several 

OH ... 0 linkages are produced, in addition to a second 
NH ... 0 hydrogen bond of the type N 2 H 2 o’!^. Note that 

practically every NH and every CO is involved in the hydrogen 
bond network. (Reproduced from (3)). 
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one«bonded structure. This idea was supported by the 
observation that all the techniques mentioned above indicated 
the existence of one strong hydrogen bond and one relatively 
weaker hydrogen bond for every three residues — -the weakness 
and strength being indicated by the ease with which the 
hydrogen atoms in the NH groups are displaced by deuterium, 
or tritium, as the case may be. 

Till about 1967, there was no clear resolution from theory 
of this problem. However, a study made in Chicago along with 
R.Chandrashekaran gave us a very satisfactory solution (18). 

This was that the strong NH 0 hydrogen bond is a direct 
one (N^ ... 0^) between the backbone atoms of neighbouring 

chains, while the second weaker one is from the free NH group 
(N 2 H 2 ) of Fig, 10(a) to the oxygen 0^ of a water molecule which 
again links up with the oxygen of a CO group (C^O^) in a 
neighbouring chain, via on OH ••• 0 bond (Fig. 10(b)). Then» 
as will be seen from Fig. 10(b) , it is also possible to 
have one more water molecule, , ^ 22 ^^* both of whose 

hydrogens bond with CO groups of neighbouring peptide chains. 

All this is seen in a wire model of the collagen structure 
with water bridges shown in Fig. 11* 




“19a- 



Fig, 11 : Photograph of a wire model showing the hydrogen 
bond cross links in the water bridge structure* 
The rods represent the backbone bonds and the 
balls water oxygens. Hydrogen bonds are 
indicated by striped wires. 

(Reproduced from (18)), 
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Water molecules are well-knowi to be firmly bound to 
protein structures, but this feature had not been properly 
taken into account previously for collagen, although 
Cowan ^ ^ (12) had suggested it. Soon after, in 1969, 
Yonath and Traub (19) also cameout with possible locations 
for bound water molecules in the collagen structure based on 
their refinement of the structure of poly(Gly — Pro — Pro), 
which is relevant for the portions of the collagen triple 
helix having this sequence, (see also (20)). 

However, this was not the whole story, for the same water 
molecule involved in the HH ... O bond in Fig. 10 (b) could 
also be shown to serve the purpose of forming additional 
hydrogen bonds with the hydroxyl group of hydroxyproline side 
chains, producing still greater stability to the triple chain. 
This is discussed below., 

7. Hydroxyproline and its role in the collagen structure 
It should be mentioned that vigorous studies, of a 

physico-chemical and biochemical nature, had been going on 
in Various laboratories during the 50 *s and 60* s, and definite 
evidence that the collagen molecule is built up of three 
chains, and that they form a triple helix, of the nature 
indicated above, had become well established by experiment by 
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1970* There is no time to comment on these studies* • 

However, one import: ant fact relating to collagen which had 

not yet been given a proper theoretical basis stood out 

prominently — namely the role of hydroxyproline , an amino 

acid residue which occurs almost exclusively in collagen 

among all proteins. It should be mentioned, in this connection, 

that hydroxyproline (Hyp) is not one of the 20 amino acids 

that are coded by the genetic code, and it is not incorporated 

as such during the metabolic building up of the collagen 

chains in living tissues (see the review by Prockop (22) for 

further details). It is only incorporated as proline, and, 

after the formation of the triple helix, certain of the 

proline residues are hydroxylated by a special enzyme known 

as proline hydroxylase. It was also known that these Hyp 

Y 

residues occur only in the third position/in the repeating 
sequence (— Gly — X — Y — ) of the collagen structure, 
and that the hydroxylation is of the 4 -trans type universally 
in mammalian collagen, although other isomers such as 
4 -cis- HvT> and 3 -H 3 q>, are observed in other systems. Therefore, 

* Other articles in the two volumes mentioned in (1) and (2), 
as well as the extensive reviews by Traub and Piez (20)^ 
and Bornstein and Traub (21), may be referred to for 
further detailsc 
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the question occurs prominently — Why are such Hyp residues 
manufactured in the collagen structure, and what purpose do 
they serve in its physical chemistry or biochemistry? The 
problem was in the air in the field of collagen research 
for a long time; but an answer to this came from stereochemica 
considerations^as was found by us (23) in the early 1970* s 
in Bangalore . 

After I had moved to the Indian Institute of Science, 

Bangalore in 1971 1 we had a visit of Prof* R.S* Bhatnagar 

from USA, who had earlier worked on the biochemistry of the 

hydroxylation of proline with Prof. D.J. Prockop. During a 

discussion that took place over the table, Bhatnagar asked 

me pointedly as to what explanation I can give for the 

existence of hydroxyproline , and that too, with the particule 

4« >trans hydroxyl group that occurs in the side chain of Hyp 

residues. On inspecting the model, it became pretty clear 

to me that one of the water molecules, which was incorporated 

by Chandrasekaran and me into the collagen structure, had a 

free OH group, and that this was pointing towards the oxygen 

latter 

in the hydroxyl group of hydroxyproline, if the/is present in 
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Fig. 12(a) : More hydrogen bond bridges introduced by 
hydroxyproline O H group* Note that in 
addition to those in Fig. 10Cb) , there is 
a linkage via hydrogen bonding between 
0^ and 0^ and that could serve for 

possible linkage with another triple helix. 
(From (3)). 





Fig.12Cb): The above leatures ar’e seen ±n projection 
in this figure. Note the occurrence of an 
extensive network: of hydrogen bonds, linking 
neighbouring chains of the triple helical 
protofibril. (Reproduced from (3)). 
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Y 

the third position irom glycine i.e.y the position/previous 

to the next glycine. Immediately, I asked Miss Man^u Bansal, 

\dao had Joined me as a research student, to take the 

coordinates of the structure as %v*rked out by Chandrasekaran 

and see if it will fit in this extra hydrogen bond involving 

the hydroxyproline residue, if slight modifications are made 

in the orientation of the surrounding region in the molecule. 

It took Manju not more than two weeks to make a thorough 

examination of the possibilities, and to arriv® at an 

acceptable set of coordinates for tide collagen triple helix 

Y 

containing hydroxyproline in the third position/, and/or 

X 

proline in the second position^,. in w^hich this extra 
hy^drogen bond is also made. 


A schematic representation of all these hydrogen bonds, 
f clicking xhe pattern in Figs. 10(a,b) is shown in Fig. 12 (a} 
and an actual projection down the helical axis of the various 
groups involved in the hydrogen bonding network, making use of 
the water molecule and hydroxyproline QH group, is shown in 
Fig. 12(b). As mentioned before, there is a strong ... C 

ny^drogen bond in tne deep- inside of tbe structure , and Is 




a second network, consisting of and O^H * . . 0 «»= C 

involving the water oxygen linking the backbone. In 

addition, there is one more hydrogen bond linking the water 
w "V 

oxygen 0 with 0 of the Kyp side chain. Further, the 
hydroxyl group of the Kyp side chain is also pointed outwards 
from the centre of the triple helix^j and could sei^e for 
interconnections between neighbouring triple helices via 
hydrogen bonds. Thus, hydroxyproline plays an important 
par-t not only in the stability of a single protofibril , 
but also in producing strong linkages between neighbouring 
protofibrils. 

In this region of research also , e^q^erimental biochemists 

had been gathering infomation on the role of hydroxyproline . 

(see 22) 

For instance, Berg and Prockop / showed that the melting 
nemrerannre cf hjdroxylated collagen was much higher xhsn 
that of the unhydroxylated triple -helical protocollagen 
molecules. In fact, the melting temperature of the newly 
formed collagen molecule, without any Hyp residues in it, 
is as low as 25®C, while fully hydroxylated collagen has a 
melTing point of Since collagen is found mostly in 
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mamnialiaxi systems with body temperatures in the region 
of 30® to 40®C, these experiments clearly show that collagen 
can be chemically stable in the bodies of all animals only 
if it is hydroxylated* These experi^aents, and several others 
made using other techniques such as enzyme degradation etc., 
(see (22)) completely supported the results obtained from 
conformational theory that the real role of hydroxyproline 
is not chemical, but rather physical, in that its occurrence 
helps in the formation of a network of two, or three, h5rarogen 
bonds for every three residues. 

With this, the essentials of the stereochemistry of the 
secondary structure of the collagen molecule could be said 
to have been firmly established. 

£. Primary secuence with glvcine as every third residi^ 

However, the complete resolution of the chemical sequence 

of the collagen molecule from the biochemical point of view 

became revealed only in the early 70 ‘s — thanks to the 

project involving 

efforts of Karl Piez, who inixiated/a large international 

for 

gn3:ur with workers Ir^ l-ermany, Fiitair.. and USA, /deoermini.. r 
the primary sequence of the thousand-residue-long collagen 
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molecule, forming one of the three roughly equivalent chains 
in the triple helix (see the article by Piez (24) for a survey). 
When this primary structure was solved, it gave full support 
to the theoretical assumption, made in the very first structure, 
that Gly must occur at every third position^ in the helical 
regions of the structure. It also indicated that Pro invariably 

occurs at the second position X (after Gly), and Hyp always 

Y 

occurs at the third posit ion/ (before Gly) , although Pro residues 
may remain partially unhydroxylated in the third position also. 

Table 1 shows a portion of this primary sequence, in a 
number of different species of animals, all of which are seen 
to have this property. However, a more complete analysis of 
the protocollagen molecule indicated that collagen is primarily 
synthesized with an extension, both before the first residue 
having the regular sequence Gly — X — Y , and afrer 
the termination of this regular sequence. It is believed that 
these appendages help to align the three chains in proper 
oust aposit ion, so as to initiate the formation of the triple helix. 

With this, it can be said that all the mysteries of 
the cchlagen primary structure (amino acid sequence) and 
secondary structure (stereochemistry of the triple helix) 
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Typical amino acid sequences in a part of the 
helical region of the collagen peptide chain"^ 


Residue 

OC 1(1) 
rat 

‘KKD 

calf 

-=><1(1) 

chick 

steer 

«=<2 

rat 

2 

calf 

17 

Gly 

Gly 

Gly 

Gly 

Gly 

Gly 

18 

Pro 

Pro 

Pro 

Val 

Pro 

Pro 

19 

Met 

Met 

Met 

Met 

Met 

Met 

20 

Gly 

Gly 

Gly 

Gly 

Gly 

Gly 

21 

Pro 

Pro 

Pro 

Pro 

Leu 

Leu 

22 

Ser 

Ser 

Ala 

Met 

Met 

Met 

23 

Gly 

Gly 

Gly 

Gly 

Gly 

Gly 

24 

Pro 

Pro 

Pro 

Pro 

Pro 

Pro 

25 

Arg 

Arg 

Arg 

Arg 

Arg 

Arg 

26 

Gly 

Gly 

Gly 

Gly 

Gly 

Gly 

27 

Leu 

Leu 

Leu 

Pro 

Pro 

Pro 

28 

Hyp 

Hyp 

Hyp 

Hyp 

Hyp 

Hyp 

29 

Gly 

Gly 

Gly 

Gly 

Gly 

Gly 

30 

Pro 

Pro 

Pro 

Pro 

Ala 

Ala 

3t 


nyp 

Hyp 


Tsl 

Ser 

32 

Gly 

Gly 

Gly 

Gly 

Gly 

Gly 

33 

Ala 

Ala 

Ala 

Ala 

Ala 

Ala 

34 

Hyp 

Hyp 

Hyp 

Hyp 

Hyp 

Hyp 

35 

Gly 

Gly 

Gly 

Gly 

Gly 

Gly 

36 

Pro 

Pro 

Pro 

Pro 

Pro 

Pro 

37 

Gin 

Gin 

Gin 

Gin 

Gin 

Gin 

38 

Gly 

Gly 

Gly 

Gly 

Gly 

Gly 

39 

Phe 

Phe 

Phe 

Phe 

Phe 

Phe 

40 

Gin 

Gin 

Gin 

Gin 

Gin 

Gin 


Gly 

Gly 

Gly 

Gly 

Gly 

Gi.y 


Pro 

Pro 

Pro 

Asn 

Pro 

Pro 

43 

Hyp 

Hyp 

Hyp 

Hyp 

Ala 

Hyp 


*Note the occurrence oT Gly as every third residue, of Pro 
always in the second position, and of Hyp in the third position, 
from Gly (The latter may be partially hydroxylated) 


"^Data from (2A) 
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have "been resolved and the picture is quite clear as to the 
chemical nature of the molecule which is re^onsible for 
the biological activity, of this protein. It should be 
emphasized that the theoretical determination of the main 
features of the collagen protofibril and the experiinental 
determination and verification of these features in relation 
to biological activity, have grown side by side during the 
last thirty years. 

It is rather interesting that the theoretical studies 
mentioned above have also thrown light on the molecular 
structure and synthesis of an entirely different molecule — 
namely complement Clq of the immune response system. I have 
written about this in a paper that was contributed to the 
special symposium held in honour of Professor Linus Pauling*s 
seventieth birthday (25} , and tharadore will only indicate 
the line of argument which leads^ from the role of hydroxyproline 
in stabilizing the collagen triple helix^ to the role of 
vitamin C in the synthesis of con 5 >lement Clq of the immune 
response system. This is schematically shown in Fig. 13*. The 

STgnment is bri-efly as fc-Hows» FssenlX£X-*.y 3 f the 
of collagen-like sequences with glycine as every third residue 
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IMPORTANCE OF VITAMIN C 


VITAMIN C 


Is vitally required 
for synthesizing 
hydroxy proline in 
COLLAGEN 

Hydroxy proline essen- 
tial for stability of 
COLLAGEN 

triple-helical structure 
RAMACHANDRAN 


IMMUNOGLOBULIN 


Requires for its 
action the protein 

COMPLEMENT 


COMPLEMENT ,, 
has in it two ropes of 
triple-helical peptides 
containing hydroxyproLine 

PORTER 


Eioth COLLAGEN and COMPLEMENT 
have a triple-helical structure 
and hydroxyproline residues 


Hence Vitamin C improves 
Immune Response / 

PAULING 15 VINDICATED 


Fig. 13: Logical flow chai’t of tJie argument to 
show that vitamin C is expected to 
improve immunity. CCopied from C25)). 
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and hydroxyproline preceeding Gly in complement Clq ^ would 
indicate the requirement of the same cofactor, namely 
vitamin CjSS is required for the hydroxylation of proline 
in collagen. That the triple helix in fact occurs in Clq 
has been shown by electron microscopy of this giant molecule, 
and the conclusion derived in Fig. 13 may be taken to be 
reasonably substantiated. 

9* Concluding remarks 

I have moved into different fields frcma about the middle 

1970’ s, and therefore, I shall not give a detailed account 

of the various advances that have taken place more recently 

in our knowledge oi the biochemistry of collagen. However, 

I should, mention one very important result of special relevance 

tc -rhe primLsrj aid secondary structure of collagen (that has 

a 

come out in recent years), namely the occurrence of/ repeating 

gene of collagen. Apart from its relevance to the biochemistry 

and molecular biology of collagen, I believe that it should be 

peptides 

possible to obtain collagen-like sequences of / from the 
nucleotide seouence of one reoesting gene by using rscomtinan- 
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DKA techniques. It should then be possible to solve the 
crystal structure of this material, and the x-ray analysis 
of such a molecule would certainly reveal most of the 
features of the collagen triple helix, that have been worked 
out onl3^ by theory sc far. I wish to point this out to any 
of our colleagues who may be interested in taking up this 
challenge^ 
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FIGURE CAPTIONS 


1* Amino acid con^DOsition of collagen* Note the 

occurrence of 1/3 the number of residues as glycine 
and practically another 1/3 as the imino-acid residues 
proline and hydroxyproline , having rigid side chains which 
impose a left-handed twist for the helix* (From the book (1)) 

2* Diagrams illustrating the structures proposed for 

collagen by (a) Astbury and Reid (1940) , (b) Pauling 
and Corey (1951) > (c) Randal and coworkers (1952). and 
(d) Crick (1954). Note that the structures in (a), 

(b) and (d) employ cis residues for proline, while 

(c) , wiiich is all trans * is not helical at all. 

None of them demand that glycine should form one-third 
the number of residues. (From (2)). 

3. Perspective view^from the side^of the contents of one 
unit cell, for a height of 9— 10A j of the collagen 
triple helical structure (5). Note that the hydrogen 
bonds are nearly at right angles to the helical axis, 
all residues are traais ^and that L— proline side chains 
readily fit in the structure, giving it a left-handed 
twist for the helix* (From (5))# 

4. The structure in Fig. 3 projected down the helical 
axis — (a) triple helices packed in an hexagonal unit 
cell* Only the hydrogens in N— H groups are shown, 
isote %he feature ^hat one of the zhr^ -carbon atoms 
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in the three residues occurring for one lull turn 
cannot have any side-chain fi -carbon atom, while 
the other two can have any side chain attached to 
them, including especially proline. This feature 
is particularly clear from (b) where the two 

hydrogen atoms ol glycine attached to and the 

a 

C^-atoms of the side chain in the other two residues, 
are also marked in one of the chains. (From (6)). 

X-ray diffraction pattern of collagen obtained by 
keeping the fibre at a suitable angle to the x-ray 

c 

beam for making the 3A spot meridional. Apart from 
substantiating the approximate value 10/3 for the 
number of residues per turn (n) , it also helped in 
getting the more accurate value of 3 #27 for this , 
later, in our laboratory. 

6(a) Projection of the backbone of a non- integral helix 
with approximately ten residues in three turns. 

(This vsJjmt to ioa* for the unit twist. 

However, the more accurate value of 110® corresponding 
to n *= 3*27 which was found later in 1960 in our 
laboratory is used in this figure.) 

(b)¥hen three such helices are put together as in 

Fig.4(b)^ it is seen that the condition that every 
third must be on the inside of the 

Triple helix, is lost — for example, for the 
-carbon atoms 4, 7 and 10. 
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(c) This condition can be restored by giving a right-handed 
superhelical tv/ist of 30*^ (360*- 3 x 110*) for the 
individual helices as shown in this figure. 

(d) The pattern of the moleciflar arrangement employing three 
such supercoiled left-handed minor helices all of which 
are bound about the central axis with a ri^xb-handed tv/ist, 

o 

The value of 30 for three residues of the supercoiling 
twist v;ill lead to a major helix twist of about 108^ 
corresponding to 36 residues. (From (l)) 

7. Perspective view of the supercoiled collagen structure for 
a height of about 30?. showing the backbone atoms. (From (l)) 

8(a) Pro jection of the atoms in the backbone and proline groups 

o 

in a height of three residues from 0 to 8.7A along the 

c-axis drawn analogous to Fig. ^a). Note that all the 

features pointed out for the non^ supercoiled triple helix 

in Fig. 4(a) are preserved in this also. 

(b) This diagram brings out the path of the backbone peptide 

uznus which Is seen to follow the pattern in Fig. 6(d). 

in addition to ^—carbon atoms, Ff — K and c » - gnoups 

involved in hydrogen bonding are also shown. (From (6)) 

9(a) Optical transform recorded using xhe supercoiled triple 

helix, (b) Diffraction pattern of collagen fibre kept at 

75® to the x- 27 ay beam. Note the almost exact correspondence , 

in the central region, of the top halves of the two figures. 

rapidlj 

(In the x-ray pattern the inter-sity falls off/wx-n c-., - 

distance away from the centre, owiiag to disorder) . 

(From (6)) 
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10 . (a) Diagram showing the only set ot hydrogen bonds 

of tile type 4 ••• O 2 linking the backbones 

of neighbouring peptide chains in the collagen 
triple helix. Note that these are too few, and 
are not sufficient to produce good stability 
for the structure. 

(b) On introducing two water molecules with and 
O 2 f several OH ... 0 linkages are produced, 
in addition to a second NH ... 0 hydrogen bond 
of the type N 2 Note that practically 

every NH and every CO is involved in the 
hydrogen bond network, (From (5)) 

11 . Photograph of a wire model showing the hydrogen 
bond cross links in the water-bridged structure. 

The rods represent the backbone bonds and the 
bails water oxygens. Hydrogen bonds are indicated 
by striped wires. (From (18)) 

12 (a) More hydrogen bond bridges introduced by 

hydroxyproline © H group » Note that in addition 

to those in Fig. 10 (b), there is a linkage via 

w ^ 

hydrogen bonding between and 0 and that 

y Y 

O H could serve for possible linkage with 
Encther triple helix. , 




12(b) The above features are seen in projection in 
this figure* Note the occurrence of an 
extensive network of hydrogen bonds linking 
neighbouring chains of the triple -helical 
protofibril* (From (3)) 

13 , Logical flow chart of the argument to show 

that vitamin C is expected to improve immunity* (From (25)) 
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1, IntrxKluctlon and preview 

Prof. Narasimhaiah and friends, 

I am deeply grateful to your President Prof. Narasimhaiah 
for having invited me to give the Valedictory Address of your 
Science Forum. I wondered wnat would be the best topic that 
I could choose and I decided that it should be something with 
which I am closely familiar and which is occupying my current 
interests. Therefore, I chose this subject, since computation 
has been the mainstream of our scientific activities during 
the last 40 years or more, and we could consider examples from 
our own fields of interest as illustrations for the lecture. 

In this again, the scope of the talk will be j:*estricted, 
since I am not a specialist in computer science as such. 
However, since I am quite familiar with its applications to 
mathematics, physics, biology, technology, and in recent years 
to logic , this would be a personal talk based on my experience 
with computation in these fields. I shall very briefly review 
the aspects of the growth of these subjects from the 40* s to 
the bO*s as seen by a scientist, wno has used computer 
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calculations in a variety of ways in his scientific research^ 
and indicate in particular how computers have played a vital 
part in the development of these fields. In fact, computers 
have completely changed the face of scientific research, from 
what it was in the 40’s and 50' s, to its explosive nature in 
the 80' s. 


Here again, I shall not at ail touch upon the development 

of technology as such, as in automation, space research, 

rooKetry, guided missiles . star wars, and so on. In fact, it 

is not necessary, because the current popular literature on 

science is swarming with such reports. One cannot open the 

„ now-a-days without being told that 

newspaper or a magazine now y 

..i. 

only no pnr. .cl.ntist. «orkl»e m •««»='« 

P..y.i== 

P.on„ol.g, in .11 «• ““ “ * 

mg „y, « .» .o-P"-- 

.vonyoc^y. Evon U«l. children h.v. .» got u-d «• 

1 +nr for doing arithmetical sums, and anybody 
the pocket calculator 
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can nov/ improvise games using computers v/hich are even being 
utilized to train persons in the practice of games such as chess, 


Perhaps it may be worthwhile for me to recall the changes 
that have taken place in the utilization of computers in 
scientific research. When I entered the research field in 
physics in ^^k2 under Prof. C.V. Raman, I was using only table 
calculators which were mechanical and which had to be cranked 
for each step of addition even for doing multiplication, and 
made sucn a grinding noise. In my doctorate study with Prof. 
Raman, I employed these almost incessantly for almost 1-2 years 
to grind out and test the formulae developed by us regarding 
the optical dispersion of crystals. Even when I went to 
Cambridge, England in 1949, the position was hardly different. 
Electrical calculators had come into use instead of mechanical 
ones, but these were only makes that imitated the mechanical 
calculators, and the only improvement was that the turning 
and shifting were done electrically by pressing a key, and 
they were much less noisy. Logarthmic tables still formed the 
essential assisting devices for doing calculations. However, 
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by that time, the first electronic calculator employing 
modern programing techni ues had been developed in USA, and 
the British had also started working on a model of thieir own 
in Cambridge. This was an important landmark in the history 
of my subject crystallography, since these early designs of 
the computer, which increased the speed of computation a 
thousand-fold, played a dominant part in the development of 
crystallography in Britain, and of protein crystallography, 
in general, for the world. 


I should emphasize the fact that crystallography is 
perhaps the field that employs the most amount of the computer 
time now-a-days among the basic sciences. I shall give 
illustrations later, after discussing the essentials of this 
subject and of the related field of molecular biophysics, 
that was ushered in at about tne same time (pamely the early 
1950*^ which also requires extensive computational support 
for all studies under its domain. In fact, molecular biophysics 
itself had its origin from crystallographic studies extended 
to biological fibres and biopolymers in the 59' s and 60' s, and 



BSF Lecture 

15 . 7-87 


two subjects ol crystal structure determination and the study 
of biomole cular structure and reactivity, are inextricably 
mixed together now-a*-days. In both these fields, we in India 
have played quite a useful part in the development of the 
subject and some thirty years ago the work produced in India 
was of the same level as that obtaining in the best laboratories. 
This was possible because advanced facilities and computation 
had not yet become the dominant part of such investigations. 

I shall illustrate how in both these fields continued activity 
at the top level has come out of our laboratories so that 
even today we are ready to take up work in the advancing 
front of knowledge. 


Perhaps the most beautiful application of the consequences 
of Fourier transforms in crystallography is in the field of 
tomography, a subject that came into prominence in the 1970* s, 
and in which I had the good fortune to write one of the earliest 
papers on the application of very specialised techniques based on 
Fourier t rans forms x for obtaining three-dimensional images from 
two-dimensional pictures. The theory which we developed, based 
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on convolutions instead of Fourier transforms, was completely 
computer oriented^ and even in the first paper we could show 
that the new method could speed up the computation by a factor 
of hundred- and in recent years, this factor has been increased 
to the order of thousand. What was done for x-rays, and which 
led to the development of the CAT-scan instrument, has now 
been extended to NMl tomography, or NMR-imaging as it is called, 
and'^ whole variety of techniques, such as gamma ray scanners, 
positron emission tomography, etc., have come into being — 
each of which is really a marvel of mathematics and computation. 

the 

I will discuss, in some detail, the application of /computer 
to each of these three fields — namely crystal structure 
determination, with its applications to protein crystallography 
and biomolecular structure, theory of biomolecular conformation 
with application to chemical and biological activity in living 
systems, and tomography with special reference ot its biomedical 
applications. In each of these fields, at the time when the 
subjects began to have an exponential rise, the activities in 
India were, both'^qu entity and quality, comparable to the rest 
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of the developed world. But we lost the initiative mainly 
because computational facilities did not continue to be ajr 
the same level as the developed countries) and we are now 
slowly picking up the thread, thanks to the great stress being 
laid on thrust areas of research in recent years. 

I shall conclude the lecture by giving you some ideas on 
computation as applied to logic, reasoning^ and the processing 
of Ivnowledge . The topic of artificial intelligence is much 
talked of now-a-days, but apparently, even in this intricate 
suboect, newer approaches can be developed by trying to put 
in mathematical language, the essential principles of the 
reasoning process, considering it as a physical phenomenon 
subject to observation, analysis and systematization. I shall 
try to show you that the process of algorithm! sing “reasoning” 
can be done and that it can also be computerized. If there is 
time, we snail discuss what this means in the ultimate limit 
where we can ask the question, whether computers can replace 
men for producing original ideas. If I may forestall what 
our conclusion will be, I feel that ^ while the computers may 
increase speed, range) and scope-, of thinking processes, it can 
never replace the originality and analytical power ot the 
human mind which form the ^sBential basis of intelligence. 
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2, X-rav crvsta , ;i structure determination 

The subject of x-ray crystallography and of biomolecular 
structure are intimately connected with one another because 
crystal structure determination forms one of the most powerful 
methods of determining the molecular structure of all chemical 
compounds, and, in particular, of compounds of biological 
importance. Therefore, I shall talk both about the progress 
of crystallography, and the progress of the theory of biomolecules 
and biopolymers, as they have interacted with one another during 
the last 40 years. Both of them have depended very heavily on 
computation, and the progress of computer science, and the 
evolution of more and more powerful computers, have played a 
significant part in the development of molecular biophysics 
and biochemistry. 

We shall first consider the principles of x-ray diffraction 
to indicate where computation pla>B a part. In classical 
crystallography ^’^molecule is studied in the forai of a crystal, 
which contains a repeating pattern of these, packed in three 
dimensions. As we will see later, one can also have fibres 
of biopolymers, in which the repetition has a helical pattern, 
or is in the form of a twisted rope, having a periodicity only 
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along the length of tne rope. In the case of a crystal, its 
x-ray diffraction pattern contains many reflections — of the 
order of 500 for a simple structure studied in the 50’ s, 
which increased to some 10,000 in the 60*s, and 100,000 to 
500,000 in the 70 *s and 80* s. In principle, from the intensities 
of these reflections, it is possible to calculate the distribution 
of electron density in the repeating pattern of the crystals, 
and hence the positions of the atoms in the molecule, their 
spatial arrangement, the nature of the chemical bonds and so on. 
Fig,1 gives the essential principles involved in the mathematical 
reconstruction of the molecule from the x-ray diffraction pattern. 

Fig.1 : Essential formulae of x-ray crystallography 


In principle, the diffraction pattern, specified by F(hk ^) , 
is the Fourier transform of the electron .density distribution 
P Uyz) , as shown in £q.(l),and this equation is reversible 
and can be used to give the latter, in terms of the former, as 
in Eq.(3). But in practice, there is an unknown factor (hk i:) 
in (2), which has to be determined by special techniques, or 


has to be guessed by .the crystallographer and then refined and 
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Essential Formulae of X~rav Crystallography 


Fourier transfomi theory gives 
111 

F(hk^0 =* j i P(xyz) exp [ 2 Tri(hx+ky-»- dx dy dz 

J J J *“ 

o o o 


( 1 ) 


F(hkl) = ]F(hki;)I exp i<k.(hk^) = A(hk\£) + iBChk^) 


( 2 ) 


+H +K +L 

P(xyz) = ^ exp [-2Tr iChx+ky+ Z z)^ 

-H -K -L 

» |A(hk cos 2 tr (hx+ky+ z) 

+ B(hk^) sin 2 TT (hx+ky+ -^z^ 


(3a) 


(3b) 


I(hk^ - (F|^ = , A == 1 f| cos oC , B = |f| sin c<: (4a, b) 

a) I is measured, << has to be determined or guessed at. 

b) Inverse Fourier synthesis (3b) then gives the 
electron density • 
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improved by calculation* In the 1950* s, there were no hard 

and fast methods for determining the phases in a general case, 

but computers were being applied for the arithmetical 

manipulations required in Eqs (3a) and (3b), and the increase 

in power of the computers has gone side by side with the increase 

in size of the molecular structures that were solved by x-ray 

crystallography. In the 60 * s^ mathematical theories for the 

determination of cL from |l(hk^)l were developed^ and the 

phase problem became more amenable to computerization. So also^ 

the process of mounting a crystal and rotating it to various 

positions and recording reflection intensities^ were also 

computerized and automatic diffractometers came into being* 

Thus, the labour involved in a crystal structure determination 
, an 

has been minimized to/almost unbelievable extent during the 
last 30 years, by the progressive use of computers at every 
level of experiment and theory* In fact, 'people are talking 
of a completely computerized structure determination in which 

the crystal is just fixed to the x-ray apparatus and everything 

^ . the is 

else IS computer-implemented and/outcome /a series of diagrams 

indicating positions of the atoms in the crystal. 
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Just to give an idea of the growth of crystallography 
during the last AO years. Fig. 2 gives a tabulated account 
of this feature. Although I have indicated that we in India 

Fig. 2 Growth of x-ray crystallography in size and complexity 

have tried to keep pace with the developments, but have always 

been about 10 years behind, because of lack of facilities in the 

past ^ I must mention that ^ individual! y^ there has been work done 

which was at par with the best anywhere. Thus, as early as 

late 1950*3 and early 60* s, the structure of the plant pigment 

morellin containing 50 atoms and based on more than 3,000 

(Fig. 5) 

reflections was determinec^. What is more, the chemical structure 
of the compound was unknown and that itself was revealed fully 
only by the x-ray analysis. Also, in the 60 *s several bright 

Fig. 3 : Crystal structure of p-bromobenzene sulphonyl ester 
of morellin (50 atoms , and 3500 reflections). 

young men from India were associated with the best laboratories 
abroad in the first few protein structure determinations that 
were being developed at that time. In some cases, they were 
even the principal crystallographic investigators in such projects 


Growth of x-rav crystallography in size and comDlexlty 


Years 

Nature of 
molecules 
(examples) 

Number of atoms 
in a molecule 

Number of 
reflections 

N 

(Maximum) 

Computers 

Memory 

Maximum 

In India 

1950 ‘s 

acids, 

peptides 

vitamins 

50 

20 

1,000 

Home-made 

Elliott-803 

8K 

1960's 

Vitamin B12 
Proteins — 
first exaipJes 

- 

1,000 

50 

10,000 

IBM-7090 

CDC-3600 

64k 

1970' s 

Enzymes 
Immunoglobulin 
Transfer RNA 

10,000 

100 

100,000 

IBM-370 

DEC-10 

51 2K 

1980's 

Viruses 

50 S Ribosome 
particle 

100,000 

10,000 

500,000 

CRAY-1 

CRAY-2 

Un.limited 
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I have been talking of molecules and their sizes. 

Fig. 4 gives an idea of the relative sizes of molecules, and 


Fig. 4 ; Molecular size comparison . 


the diagram is self-explanatory. The molecules shown at the 

top are simple organic compounds — for example, lysine is an 

amino acid^ arid heme is a planar compound of great importance in 

the blood protein hemoglobin which is shown below. In the 

latter, the thick rod-like structures shown, actually consist 

a sequence of 

of a chain of atoms . composed of /amino acid residues and 
they are folded together in this convoluted form to make the 
biologically active blood protein hemoglobin^ which transports 
oxygen from the lungs to the tissues. The location of the heme 
molecule is also shown by the black discs in the figure. The 
increase in size of the protein molecule,^ in relation to small 
organic molecules, is clear from the figure. This jump in 
size took place in the early 60 *s and this has gone up by 
another factor of 10-30 during the last twenty years, and even 
‘‘living molecules” like viruses have been tackled in the last 
few years. 
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Figure 4.2 Molecular size comparisons. These molecules have all been enlarged* by the same 
linear factor of 20 million times. To appreciate what this means, if you were enlarged by the same 
factor, the Earth would appear to you as a 2-foot sphere, and your index finger would reach from 
New York to Kansas City. Molecular dimensions are measured in angstrom units (A), with 100 
million A to the centimeter or 254 million A to the inch. Most chemical bonds are between I and 


*TER 1 THE RULES OF THE GAME 
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Biomolecular structures 

Leaving aside crystallography as such, we may ask the 

lar^e molecules, such as 

question "Why does the molecular chain in/ hemoglobin , 

take such a convoluted structure^ and how can this be understood 
from chemistry and physics, and how can this be correlated with 
biological activity?" Since this talk is not purely about 
biochemistry or biophysics, I shall only make brief comments 
about this* The essence of the process of protein folding is 
contained in Fig. 5* As will be seen from this, a protein molecule 

Fig. 5 : Folding of polypeptide chains 

is a long chain of repeating peptide units, each of which is one of 

20 different types, but which are closely similar, and differ 

only in what are known as side groups (R) . The chain is flexible, 

and therefore it folds back on itself and gets stabilized by 

“chemical bond^'such as — S— S — linkages, or "physical bonds" 
interactions and 

such as electrostatic I hydrogen bond s^ occurring between different 
parts of the chain^which hold them together in the form of a 
loop or similar structures* It is natural that the whole 
molecule will take up a compact globular configuration having nearly 
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a sphere for its outer surface, since that will be the most 
stable one in energy. 




iw r * f } niTn nn { 


biomolecules, xhowever, there is another way in which a chain 
molecule can be packed, and that is by the individual chains 
forming helical strands , stabilized by intrachain hydrogen 
bondSj which then align themselves parallel to one another 
and form a tw’isted rope. The ropes can then be packed together 
side by side to form strong macroscopic fibres. The classical 
examples of this were given by Pauling in the early 1950*Sy 
and this opened up the whole subject of molecular biophysics. 

In two years, it led to the discovery of the double helix 
of DNA and, in another 2 or 3 years, to that of the triple 
helix of collagen (both shown in Fig. 6), in the latter of 
which in Madras had an important part to play. 


Fig. 6 : Double helix of DNA and triple helix of collagen 

As will be seen from the figure, the stabilizing crosslinks 
V liydix)geii bonds in boib cases ane approximately at right angles 
to the length of the fibre and serve to closely interconnect 




UN-IONIZED AMINO ACID ZWIHERION 


The amino acids exist in solution as doubly charged xwitterions. 
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the two strands of the double helix, or the three sf. ands 
of the triple helix, as the case may be. Fig. 7(b) shows tne 
twist of the three strands around one another in the collagen 
triple helix. This twist is regular because the peptide 

Fig. 7 (a) Peptide chain configuration in myoglobin which is 

closely related to hemoglobin. 

(b) Twisted rope configuration of the collagen triple 
helix. 

tripeptide 

sequence in collagen is based on repeating / C— Gly— X— Y-; 

s ame 

and half of X and Y are also based on the /amino acid residue 
proline. On the other hand, the sequence is irregular and 
different in myoglobin, ^t his favours the formation of single 
o(-helical segments, which are then folded up to form a globular 
structure as in Fig. 7(a). 

Obviously, in checking the validity of such structures, 
and of the wide range of possibilities that may occur, computers 
have played a very important part. How^ever, the early studies in 
the 50* s were mostly done without computers, and in fact a 
pioneering study of the principles governing these, which were 
published from Madras in 1963, was completely done with 
mechanical desk calculators, which tool almost a year to complete 
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(see Fig. 8). Now-a-days, / will take a fraction of a second 
on tne best computers* I shall not mention much about these 
theonetical ideas except to indicate that the two principal 
considerations that were put forv/ard by us at that time have 
played a dominant part in all techniques involving molecular 
packing, and the fitting of molecular chains to electron density 
diagrans obtained from crystal structure determination, ever since. 
These are the use of dihedral angles (rotation angles), such as 


0 yiOof Fig. b(a)»and the idea that non-bonded atoms cannot come 

limiting 

closer than certain specified/ distances, which was used for 


preparing the diagram in Fig. 8(b). These have been so well 


Fig. 8 (a) Rotation angles 0 and Y specifying the configuration 
of a pair of peptide units* 

(b) The ( ?!> , 'Y' ) -plot of the observed configurations 
in myoglobin (marked as small circles.; 

computerized that^ now-a-days one can just feed in electron 
density and the chemical nature of the molecule and ask the 
computer to shift, turn and twist the molecule until the best 
fit with the electron density is obtained, subject to tfje 
restrictions imposed by the limiting distances mentioned above 
More about this later. 



iJiaLgrain slnowxng 1:1x3 d.inedx'al a.ngles 
^ and for a pain oi pep-tide units 
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4 . Crystallography and Biology with gpecial reference to drug de.si yn 
that have been developed for 

The precise techniques / energy minimization, and for the 


woricing out of the oesr possiors ccnnguradcns 


have resulted in a body of knowledge which has vastly expanded 


our knowledge / physical chemistry, molecular biophysics and 
of the biological systems. 

biochemistry, / I shall illustrate these by a few examples. 


We had seen that the heme molecule in hemoglobin is located 
in between the different protein chains and the knowledge 
obtained by crystaxlography about the particular amino acid 
residues near the location of the heme had led to a clear 

understanding of the mechanism of the function and reactivity 

the protein for ^3Lso 

of /oxygen transport in blood. Simultaneously, it has/become 

t he 

clear that many biological conditions associated wit h/malf unction 
of hemoglobin can be attributed to changes in one or two 
amino acid residues produced by mutation.^ Fig. 9 shows the 
location of the mutated residues for a large number of 


Fig. 9 Mutation sites in pathalogical hemoglobins. 


pathalogical hemoglobins. It will be seen that, though the amino 
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in a linear peptide chain 

sequence /may not show it, the x^-ray crystallographic 

three-dimensional structure shows that they often occur 

close to the region where the heme is held ^ or in the gaps 

between neighbouring molecules. Apart from this general 

feature, the knowledge obtained from crystallography has 

profoundly affected biochemical investigations for the 

of the blood, 

understanding of such diseases/ and has led even to the design 
of suitable chemical drugs for allevlatiiig the symptoms. 

Turning to . more fundamental problems in biology^ 
such as the action of enzymes, the chemists had formulated 
the theory that enzymes^ which regulate all biological reactions, 
did so by forming a close molecular fit v/ith the substrate 
molecule concerned. This was a conjuncture in the past, 
although a very reasonable one and much substantiated by all 
available knowledge. However, a confirming evidence in this 
matter has come only from cf ystailographic studies. One of 
the earliest pix^teins to be solved, namely lysozyme which is 
shown in Fig. 10^ displays this feature remarkably well. 

Fig. 10 molecular models of free lysozyme (left) 

and when bound to its substrate (right). 



Space-filling m 
substrate, show 
substrate comoli 
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The first picture is that of the protein which is seen to have 
a cleft on its left, and the second picture is of the enz3nne- 
substrate complex. It will be seen that the substrate and 
enzyme form a perfect fit and the theoretical postulation of 
molecular fit has been demonstrated in all detail by three - 
dimensional x-ray cryst allographyc 

I will therefore restrict myself to the subject of 
molecular fit, and give a few examples where crystallography, 
in combination with conformational theorey, has been applied 
to obtain information regarding this. Fig. 11 is a study made 
by Prof. Viswamitra of the Indian Institute of Science 

Fig. 11 : Space-filling models of (a) the antibiotic TAWDEM 
and (b) its complex with DNA. 

in which he determined the molecular structure of an antibiotic 
TANLffl, shown in the top half of Fig. 11, which acts by binding 
with DNA. He could then show that this fits very well to the 
DNA double helix, as shown in the lower half. This idea has 
been employed in a number of studies for finding the basis of 
drug-molecule interactions. Such crystallographic studies 



* iSa* 


Biomolecular Conformation / Retrospects and Prospects 



Figure 10. fa/ CPK model of TANDl M molecule, slightly modified from the x-ray structure, fb/ CPK 
model of TANDEM in its complex with a partially unwound B-DNA helix, seen Trom the major grwve 
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have even been extended to virus molecules and the interaction 
of antiviral agents with the virus. Fig. 12 is an example of a 
very recent study made by Prof. Rossman in Purdue University, USA. 

Fig. 12 : Crystallographic ally determined mode of binding of 
antiviral agent WIN to virus protein VPi . 


Not only does it show that the viral protein has a cavity which 
Can he fitted by the antiviral a^ent WINj so that the normal 
biochemical reactions involved in the reproduction of the virus 
molecule are Inhibited, but it is also an example of the extent 
to which crystallography has progressed. The virus itself 
required 200,000 reflections for its structure determination. 
After that, the mode of attachment of the drug was determined 
by using what is known as a difference-Fourier synthesis, 
in which the difference in intensities between x-ray diffraction 
patterns, of the pure virus and the v3,rus-drug complex, was 
used to find out the location of the drug molecule within the 
virus. Fig. 13 shows the electron density distribution of the 
drug molecule as reconstructed by a computer. It will be seen 


Fig. 13. Front page of Science magazine containing an 

fitted^to^+h molecule of an antiviral agent 

_ oomputer-displayed electron den^ty cage. 


that i.t effectively indicat 


es a cage within which the molecule 
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Fie 2 (A) Ribtxjn drawing of VP 1 with WIN 

compound binding site. (B) Diagranmianc repre- 
sentation of antiviral compound binding 
Stereoscopic view of a protomer unit 
blue, VP2 and VP4 are green, \J3 is 
surface of bound WIN compound in yellow. (D) 
^ercLcopic viexv of WIN 52084 in its ^ PI 
environment. The first digit of 
residues indicates the VP ( U 2, 3, or ). w 
following thrc*c digits give the sequential ammo 
n.imher within the protein. 
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must be situated, and the exact location of the molecule and 
its conformation can also be varied and fitted in, by employing 
the computer for on-line operation. I had the good fortune 
to advise some of the v;orkers in this field of computer-fitting 
of molecules in USA in 1977-78, and this approach is 
universally employed both in crystallography and conformational 
theory nov;-a-days^ and “computer graphics terminals” are even 
commercially available for this purpose. 

_Conformational theory for molecular fit 

Coming back to theoretical calculations, Fig. 14 is an 
example where the crystal structure determination of an 

Fig. 14: Daunomycin fitted to DiNA by energy minimization on 
a computer 

antibiotic (daunomycin) was the starting point of an attempt 
to fit the molecule to the DNA double helix. The work was 
done in Prof. Pullman’s laboratory in Paris, and as the figure 
will show, the fitting can be done readily by opening out the 
double helix in the region where the drug makes its entry. 

I wish to emphasize that this has not been done by constructing 
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a model, and then turning and twisting the molecular structure 

so as to obtain the fit, but purely the use of a computer. 

an 

On the other hand, the fitting of /inhibitor, to the 

active site of the enzyme thermolysin, which was carried out 
by Prof. Rao in Bangalore, was done, not automatically on a 
computer, but using the computer without on-line interaction. 

The investigator starts with a structure close to a reasonable 
fit, and then modifies it step by step, by feeding in and 
taking out the data from the computer in the form of drawings. 

This study showed that the inhibitor enters the enzyme in one 

Fig. 15: Mode of attachment of the inhibitor /-P-P-P which 
imitates the substrate of the enzyme thermolysin. 

configuration and then both its conformation, and that of the 
enzyme in the local region, are modified so as to obtain the 
best fit. The reason wny I am showing this picture is to indicate 
that some of the latest ideas of this t 3 ^e have been cpmputerized 
right in our country and interesting consequences have been 
deduced. However, even with a computer at ones disposal, this 
is a long process requiring weelcs or months. If only an interactive 
graphic display system, as has been used in all 'the advanced 
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Conformal ional study of enzyme inhibition: Indira Ghosh and V. S. R. Raa 
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countries, were made available, the time could be reduced to 
probably a week or two. In fact, as already mentioned, such 
systems are available commercially in USA and Japan, and 
I believe tnat it is time that such up-to-date equipment be 
made available to the capable scientists of our country. 

Emergence of the new field QSAR 

Such studies on molecular fit have opened many new 

avenues in the field of rational drug design, because drugs 

invariably eitner promotejor inhibit, particular biological 

reactions j either in the organism producing infect ion ^ or in the 

host for producing resistance. In fact, a new field entitled 

Quantitative Structure Activity Relationship (QSAR) has emerged 

during the last few years, and strategies ai^ being developed 

for actively pursuing this for drug design. Fig. 16 shows the 
page 

title/ of a very interesting paper, on protein crystallography 
and computer graphics, published in the German journal Angewandte 

Fig. 16: Title page and flow chart about QSAR reproduced from 
a recent article. 

Cl emie (Applied Chemistry)^ wnich emphasizes this aspect of 
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Protein Crystallography and Computer Graphics — 
toward Rational Drug Design 
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Clinical Trials 


l-ig. 1. A "rjiionjl drug design cycle” employing ihrcc-dimensional structures of complexes formed between target 
piuicins arvd a range of small molecules (ligaandsj. ^ 


OSAR and Strategies 
in the Design 
of BloactJve Compounds 

— \ 

(KJiioa by J. tc SirocM 

QSAR and Strategies in the 


Design of Bioactive Compounds 


Proceedings of the Fifth European Symposium on Quantitative Structure- 
Activity Relationships, Bad Segeberg, September 1984 


edited by J. K. Seydel 


1985. XIV. 442 pages, 150 figures and 68 tables. 
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example, with chemicals that are planned for 
use in agriculture. 

This book contains contributions by researchers 
from academia and industry to the Fifth Euro- 
pean QSAR Symposium. New methods for the 
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biomolecular physics. As will be seen from one of the ilow 

charts in this report, computer graphics and theoretical 

a 

c ale ulali ions play as import; ani/ pari as the determination of 
three-dimensional structure by x-ray crystallography. Bven 
regular symposia are held on this subject of QSAR^as wilJ be 
seen from Fig. 16. 

Compute rized TQmog:rai)hy 

Turning to the subject of tomography, my interests in 

this field dates from 1970 when some very interesting work was 

done along with Dr. Lakshminarayananj at the University of Chicago 

on the application of Fourier transforms and the novel technique 

the title page of 

of convolutions for this purpose. Fig. 17 shows /our first paper 
on the subject entitled “Reconstruction of substance from shadow” 


Fig. 17: Fourier transform equations formulated in polar 
coordinates for axial tomography-. 

As you will see from this, the Fourier transform Eq.Cl)^ which 
is basic to tliis subject j is the same as that used in x-ray 
crystallography. However, although crystallographers had applied 
this technique for finding out the three-d imensional structure 
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Vol. No. 1, A, 1971 


RECONSTRUCTION OF SUBSTANCE FROM SHADOW 

I. Mathematical Theory with Application to Three-Dimensional Radiography and 
Electron Microscopy 

By G. N. Ramachandran 

(Department of Biophysics, University of Chicago, Chicago, Illinois 60637) 
and 

{\1 olecular Biophysics Unit, Indian Institute of Science, Bangalore-\2, India) 

Received February 27, 1971 

I. Mathematical principle of integrograph reconstruction . — If f {x, v) 
represents the areal density distribution of a finite lamellar object (Fig. 1) 
and l/Cr, ,v) | has an upper bound, then it can be represented in terms 
of its Fourier transform F^X, Y) according to Eqs. (1) and (2) 

+ OO +00 

fix, y) = J / F (X, Y) exp [~ 27 t/(jcX -h yY)] dX dY, A) 


Fourier Method 
F(R; 0) = 

£(r,p) = 


+ ^ 



Q) 

. 0 ) 


O p 


exp(2Tr 


exp J-2 IF iRr c os C - 



Fig. 2 — The formation of the linear shadowgraph of a 
two-dimensional section of a three-dimcnsionnl object 
[The origin at / = 0 corresponds to the shadow of the axw 
' ■ of rotation] 


C2a) 


GjjRdRdS (2b) 

(Inverse Fourier 
transform ) 
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of virus particles from two-dimensional electron microscopic 
images in different directions, we suggested that this 
reconstruction is much faster by employing polar coordinates 
for the Fourier transform as in Eqs. (2a, b)^ -using the 
principle of axial tomography. In these, g,i.£ ; Q) is the 
linear snadow graphs at 0, and f(r, (i) is the two-dimensional 
image that is reconstructed for a two-dimensional section at 
right angles to the a:<is. of rotation. 

This was followed by another paper published in the 
Proceedings of the National Academy of Sciences, USA, whose 
title page is shown in Fig. 18. In this, the way in which a 
series of two-dimensional images can be converted into a 
three-dimensional reconstruction by axial tomography is shown 
in the diagram. In addition, a new modification of the Fourier 

method, which we called as the "convolution method" was presented 

this paper, and its _ ' ^ 

in / Dasic mathematics is shown in Jt-qs. and ^5;. 

Fig. 18: Principle of the convolution method of reconstruction 

in axial tomography. 


In this, the reconstructed two-dimensional image f(r , (f)) is 


density ^ ^ * 

a simple integral of the /functions which represent 


at Q, 
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/modified shadowgraphs at o , produced as a result 
of the convolution process shown in Sqs (4a, b) . The detailed 
way in v/hich the modified function is calculated is by the 
procedure given in Eqs (ha,b). The mathematics is not quite 
relevant to this lecture, but what is important is that^ 
as a consequence, the reconstruction can be performed almost 
a hundred times faster than the Fourier method and, as will be 
seen from Fig. 19, it is also about ten times more accurate. 

Fig. 19: Tables 1 and 3 reproduced from the PNAS paper 
showing the distinct advantage in speed and 
_ _ . of the convolution method. 

Tables 1 and 3 of Fig. 19 are the comparative data of the 
accuracy and computing time required for the different methods 
of reconstruction , namely Cartesian Fourier transform (FTC), 
Polar Fourier transform (FTP) and Convolution (CON). The 
most interesting feature is that the larger the amount of 
data that is available from measurements for reconstruction, 
the faster is the convolution method relative to the Fourier 
method. This technique is applied widely in CAT-scan 
instruments particularly for medical radiography. 
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As mentioned above, the commercially available cornputer-axial- 

touiographic instruments were developed in the years that lollowli^^^ 

using x-rays, and / is now widely employed in medical radiography, 

I was unfortunately not able to continue tnis work in India. 

not only because of lack of suitable computers, but also of 

the associated scientific technologies, of accurate and fast 

intensity measurement of x-raySj and the considerable mechanical 

engineering requirements tnat were needed to develop the machine. 

However, my colleague Lakshminarayanan went to a laboratory 

in USA specializing in tomography and has played a useful 

for the 

part in developing the techniques / refinement of x-ray 
tomographs. In fact, later he was associated with the 
development of NIiR imaging, using nuclear magnetic resonance, 
which is now coming into prominence in medical practice. 


Figures (20), (21), (22) are some photographs of tomographic 
images obtained by x-ray and NT-IR techniques. In fact, starting 


Fig. 20 : Picture of the instrumental set up for NMR imaging. 


Fig .21 : 


Fig. 22 : 


Two NMR images showing the excellent contrast and 
resolution that is obtainable. 


Comparison of x-ray (CT) 
resonance (NMI) pictures 


and nuclear' magnetic 
of the same subject. 



Tabuss 1. Values of the mean relative errors ((R) for the circular 
disk for r < 0.8 using the CONj FTP^ and FTC methods 
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Tabu: 3. Comvuling tinui, (f) required xmnf, (h« different 
^l^^odsfof a typxcal object used in the study . ■. 
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from these two physical methods, other imaging techniques 
have come up, such as positron emission tomography, which are 
also finding increasing application, particularly in the 
early detection of cancer. We will not spend more time on 
this subject except to say tnat this field has been one^ in 
which, not only were new matnematical approaches very effective, 
but the computational aspects were the ones that decided the 
practical applicability of the technique. In fact, a complete 
scientific journal entitled "The Journal of Computed Tomography" 
is being published, having come up to the tenth volume in 1986, 
which shows the outstandingly significant role of computation 
in modern medical research and practice. I believe that the 
convolution method has still greater potentialities by the 
.inclusion of what is known as parallel processing in computation 
which is being rapidly developed in recent years* 

Computerization of Logic 

We shall now discuss the last topic of flay talk, namely 
computers for logic. This is a topic in which I have been 
working for the last ten years and much of it is still in the 
process of development. However, I thought I should include 
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some of these novel ideas in this talk to indicate the 
range of capabilities that is open for computerization. 

Some of you^who are computer scientists^ may be wondering 
v/hat is new in this — for logic circuits are the very basis 
of computers and the word "computer-logic” has been used for 
the application of logic to computer science. However, what 
I want to talk to you is the converse of this, namely the 
application of computers for logical analysis^ or the computerization 
of logical thinking processes. This is possible^ because logic 
is a subject that is based on definite rules ^ and it is only 
necessary^ to find a mathematical framework to convert these 
rules into algebraic formulae^ which can then be applied in 
computers just like any other mathematical formula. This again 
is not very new, for , in the last two decades, the subject of 
artificial intelligence has grown enormously and the implementation 
of logical arguments by computer programs has grown enormously. 

In fact, languages for computer programing in logic in particular 

(standing for "list processing") 
have been developed, for example, LISP/ and particularly PROLOG 

(standing for "programing for logic"). However, we appear to 

have been able to get a simpler formulation of mathematical logic, 

which is very akin to ordinary language for reasoning processes. 
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but v/hich at the same time is directly interpretable on the 
computer via Boolean algebra. I hope I will have time to 
indicate at least in a broad way its nature and its advantage. 

Essentially^ all computers have a central processing unit 

(CPU) in which the fundamental arithmetical operations of 

addition and multiplication are carried out, but not all 

instructions that have to be given to computers^ for automatic 

control of machines and so on, are arithmetical, or in the form 

in which they can be converted into ordinary algebra. For 

instance, it will be necessary to compare one thing with 

carry 

another, and if the two are equal, it will / out one operation 
while if the two are different, another operation is to be 
performed. This is the simplest of what may be called a 
"logical operation”. So also, we may be given a list of 
related entities /such as a is related to b, c and d, b is 
related to c, e and f, c is related to a, d and £, and so on. 
Then we have to answer the question - which are the entities 
that are related by the given relation to b, c and d ? In 
standard computer practice, these can be worKed out, hut the 
procedures depend upon what are termed "goal-seeking searches’; 
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which have to answer the question — "Is x equal to y or not?" 

for every check. As computer scientists know, this is not a 

very fast process. On the other hand, if we can get an 

algorithm in which, given b, c and d, an arithmetical operation 

is carried out and the entities related to them are straightaway 

obtained without making checks every time, it v/ill be a very 

design of such algorithms is 

much faster process. The / one of the essentially new results 
that have come out of our Boolean algebraic approach to logic. 

Before I indicate how this is done, it is necessary to 
briefly review the use of Boolean algebra for logic. This is 
illustrated in Fig. 23. As will be seen from the top of the 
figure. Boolean numbers can only have the values 0 or 1, and 
are combined exactly as in oridinary arithmetic ^ by two 
operations of sum and product. However, there is a difference 
from the rules of arithmetic, in that the sum of 1 and 1 is 
again equal to 1. With this little difference, it is obvious 
that we can have any number of sums and products and the 
resultant will not be any value other than 0 or 1 . This is 
what is meant by saying that the Boolean algebra is closed 

Fig.23 Isomorphism of Boolean algebra, logical tables and 
computer logic elements. 
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two truth values 
T, F, in 
classical losic. 
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of these sv/itciiing 
circuits ar-e the 
basis of all 
c omputers . 


The three sets of tables are isomorphic to o..e another. 
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with respect to operations ® and © . There is also another 
operator called "complement” b) , which converts 0 to 1 

and 1 to 0, and whose effect is also such that the algebra, is 
c losed . 

The beauty of the above tablet in Boolean algebra is that 

they have exactly the same properties as those for the logical 

truth values T and F, under the operations of OR and AND, as 

shown in the middle of Fig. 23. 1 shall not give more details 

forms a ^ ^ ^ 

since this is a very well-known and/ fundamental part of the 
theory of mathematical logic and is given even in books such 
as Schaum's series. But very interesting consequences arise 
from these tables, as you will see presently. The third table 
in Fig. 23 shows the similarity of both Boolean algebra and 
logical operations to simple switching circuits, which form 
the basis of electronic computers. 

It is commonly stated that Boolean algebra, based on the 
three tables in the first row, leads to closure; but obviously, 
this algebra is not closed in the same sense as the algebra 
associated with the arithmetical numbers (positive and negative 
rational numbers). This is Because in the latter, addition 
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gives rise to the operation of subtraction by reversing the 
equation for it, as in (l), and similarly, multiplication leads 
to division by reversal of Eq. (2) jas given in Fig. 24, both 
of which ai'e included in standard arithmetic. It is supposed 
that these "reverse" operations have no analogs in Boolean 
algebra . which has only the properties of a "Boolean ring" 
in the parlance of modern algebra. However, this is not the 
case. On can, in fact, reverse the operations of Boolean sum 

Fig. 24; BA-2 algebra is essentially needed for the 

representation of reverse relations in classical logic. 

and Boolean product. by using tne corresponding analogs of 
the above two equations (1) and (2) for subtraction and division, 
ani thus obtain interesting consequences. These are shown 
in Fig. 24, and it will be seen that both types of reversal 
are possible for Boolean arithmetic, but that they lead to two 
more new "truth values", D and X, in addition to T and F of 
classical logic. 

Thus, BA-1 algebra is insufficient for representing fully 
all consequences in classical logic, in that T and F are not 
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QRIGIM OF BA -2 ALGEBRA 


Is BA-1 algebra closed? Can we not formulate operations 
corresponding to subtraction and division in arithmetic ? 


'* Kever s at** ox opera'urons in arithmetic 

Subtraction : a + b = c 4 =%- c-a=b ( 1 ) 

Division : a X b = c c/a=b (2) 


’’Reversal'* of operations 

(lieversp] of "product” ) 

a (5^’ b = c ; Given c»awhat is b? 

a AND b=T, a=T, br.T 

a AND b = F, a = T, ^ b = F 

a AND b != F, a == F , h— ^ b = T or F 

a AND b *= r, a = F, t b is 

impossible 

(contradiction) 


in Boolean algebra 

C -Reversal of ’’sum" ) 

a©b = c ; Given c,a what is b? 

aORb=T, a=T, ^ — 7 b = T or F 

a OR b = F, a = T, ^ b is 

impossible 

(contradiction) 

a OR b = F, a = F, > b = F 
a OR b-T, a=:F, h - ? b = T 


Hence BA-1 leads by reversal of Boolean sum and product to Ba- 2 
BA-2 has four states T, F, D, X . 

T = (1 0 ), F = (0 1 ), *T orF^=D = (1 I), 1 and F=X = C0 O) (3) 

= (1 0 ) 0 (0 1 ) = (1 0 ) ( X * (0 1 ) 
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enough to represent the extended algebra of the logical 
truth tables, and the reversal of the operations OR and AND 
leads to four different ’’truth values”. V/ithout going into 
details, I may say that it is possible to cuild a matrix algebra;, 
in \daich the four states T, F, D, X are represented by 2-element 
Boolean vectors as shown in Fq.(3), which we have named Ba-2. 

The use of ’’or" and "and” between T and F for the states D and X 
is justified by the descriptions given in Eq.C3). There is no 
time to give details. 

This is not the end of the story, but the be .ginning of 
a whole new approach to logic. Perhaps the most significant 
feature of this approach is the recognition and symbolization 
of such reverse operators, which lead to what we have called 

“unary” relations. Thus, the truth tables for OR and Am... 

^ ^ , as in Eqs. Cla) and (2a) of Fig. 23, 

can be taken over as 2x2 matrices , ^ and the answer to a query 

such as, "If a AND b is given to be true, and a is given as 

T (or F) , what is b in each case?" can be written in the 

language of Boolean vector-matrix formalism (BVMF) as inEqs.(1b,c) 

and (2b ,c) . As will be seen from / , all the essential conclusions 

Big* 23: Unary relations in BA-2 algebra and in the general 
theory of relations. 



34a 


3SF Lecture 
23,7.87 


_W^'ary Relations in ba-? AirrRRPA 
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a = F I — ^ b = X (Contradict ion ) (lc) 


a = T i — 5^ b = D (T or F;TaLitolcgy) (2b) 
a = F b = T (2c) 


Extension to general relations in BVMF 
If a- and b. are related, R. ^ = 1, otherwise 0 

j- j 1 j 


( a-, a2 - - . a^) ... j . . j 
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\ ^m1 • • • • ^Wy 
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made in Fig. 24 about the consequences of the reversed 

operators are reproduced in the examples (Ibjc) and (2b, c) ^ 

by this formalism. 

There is no time to talk about various applications 

of this vector-matrix formalism, using 2-vectors and 3-vectors, 

for the branches of logic known as propositional calculus and 

quantifier calculus. I shall, however, inaicate the great 

convenience of the vector-matrix formalism in what is known as 

predicate calculus, which is most relevant to practical applications 

of logic. The basic formula that connects two sets of objects 

can be represented in this formalism by a matrix as 

shown in Eq.(4). Thus, suppose A^, A 2 ... are a number ^ 

of persons and B 2 ... are the possible cities from 

which they come. Then, if belongs to the city B 2 , we say 

that the element R ^2 the relation "coming from city’^is 

and 0 otherwise. Thus, we obtain an array of R..(i=itom, 

•i- j 

j = 1 to n)j each of which is a Boolean number^ having only the 
values 1, 0, Then, if m = 3^ and we have a subset of A's 
consisting of A^, A^, A^, then we can represent them by a 
5-element Boolean vector (a^,,a 2 , a 3 , a^) =(10101). 
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It then follows that the vector-iaatrix product shown in 
r.q.(^) qives a boolean vector (b^, b^) in which 

the 1’s for correspond to those B*s that are related 
to one of the A's present in the input set considered. 

Since this is not a lecture on logic, I will not expand this 
further, but take a simple example to indicate the capabilities 
of this formalism. This is shown in Fig, 26. 

Fig. 26 ; Simple problem! in predicate logic solved via BVMF 
using FORTRAN program MAT LOG. 

The matrix JP, standing for the relation ’’professor of” , 
relating five students with four professors who take classes 
for them, is sho\m as GM1 . The first row means that s^ 
takes classes under p>j and the second row that S 2 takes 

classes under P 2 and p^, and so on. Then, by obvious transformations, 
the relations "not professor of", "student of", "not student of", 
can be given by related matrices, as given in that sheet. 

These have been programed for use on a computer, using the commonly 
emoloyed language FORTRAN, and the two problems given in Fig. 26, 
can be stated in one line, or two lines, in this language. 

Thus, taking Problem 1, the representative vector of the input, 
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1110 



1. Who are all the professors who teach the students s^ and S 2 ? 

^1i®2 Si'ves GVS = (1 1 0 0 0) Vector representing given 

students 

GUNFDT CGVS ,GMi ) = GVP Relation "student to professor" 

GM1 applied (la) 

GVP =( 1110 ) — Ans: p^,p 2 ,P 3 Vector representing required 

professors. (lb) 


2. Which professors among Pp and p, teach at least one of the 
students s^ , s^ ? ^ 

Input GVP1 =(0101), GVS1 = (1 O 1 0 O) 

GUNPnrtGVSI.GMI) = GVP, GVP = (l O 1 l) : p. . p, , p, teach 

• 3 4 

either s^ or Sp 

GVIDYACGVP.GVPD = GVP2 . GVP2 = (o 0 0 i) . Of these, only 

is contained in the (2b) 
input set p 2 , p^ 
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namely students and > is GVS * (1 1 0 0 O). The relation 
wiiich yields the required professors for the given students 
is given in the second row (la) as the function GUhPDT , standing 
for ’'general unary product". Then, immediately, we obtain the 
vector dv'P = (1 1 1 u), which means that the professors are 
, Pp and p^. 

Similarly, in problem 2 which is described in Fig. 26, 

the input set of two students (GVS1), leads, by the same 

GVP, giving 

procedure as in Problem 1, to/the professoixp^^ * p^, p^ who 

teach at least one of them. Then, there is another function 

GVIDYA w'hich gives those p- who are common to this set GVP and 

D 

the given set of P2, p/^ (GVP1) , and this gives the answer 

GVP2 , i.e. only p^ satisfies both the conditions of the problem. 

These are elementary examples, but it will be recognized 
that the formalism has great capabilities ^ and can be used to 
build up step-wise solutions to many problems in predicate 
calculus. What is more, each step is a positive step, in that 
it gives straightaway the set of elements that are sought for. 

To indicate how very much more complex problems can be solved, 
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we give some examgiles in Fig. 27. 

ihe statements there are fairly self-explanatory in view 
of v/hat r.as been said earlier. In these problems also, v/e 

Fig, 27: Examples of logical ’’ t ongue-twisters" solved using 
bVi-xF and I-i/iTLOG 

deal with a set of five students and four professors, but 
consider two relations that can exist between them, namely 
P = ’'professor of”, and E = "examiner of", whose matrices are 
given in (1), as GMP and GFIE.. (Note that this GFIP is different 
from that in Fig. 2b.) Now we ask two questions as given in 
(a) and (b) of Fig, 27. It requires some effort to differentiate 
between the two in common language, but in BVMF, the two are 
given by quite different formulae, as in (3) and (4) of Fig. 27. 
Thereafter, we can leave it to the computer, and interestingly, 
the output vectors GVPA and GVPB, for the questions in (a) and (b), 
are quite different as given in (5). These mean that the answer 
to the first problem is that there is only one professor p^ 
who satisfies both the conditions of this problem, while the 
answer to the second problem is that three professors p^ , p^ , p^ ’ 
satisfy the given conditions. I am giving tnis example to 

indicate how even such tricky problems: can be formulated in 
almost a single line in BVMF, and can be computerized via MATLOCr, 



. bSF Lecture 

.t-Oa. 27.7.87 

The two loiations ajre: 


is the professor oi 
is the examiner of s^ 



The corresponding matrices are 

^10 1 o\ 



■''l 1 0 d 

1 0 0 1 \ 

0 1 1 1 ; Cl) 

110 1; 

\i 0 1 a' 


Problems 

(a) Find those professors pj who are both "professor of" 
as well as "examiner of" the students S 2 and . 

(b) Find those professors v/ho teach at least one of the 

students S 2 , and examine either S 2 or • 


Solutions 

Input GVS =r (O 1 10 0), GMP, GFIE 
Relations 

(a) GVPA = GUNPi:XrCGVS,GMXPDTCGMP,GME) ) 

Cb) GVPB = GVIDYACGUNPDTCGVS,GHP), GUNPDTCGVS,GME) ) 


u) GVPA = (0 0 0 1) (b) GVFB = (1 1 o 1) 


( 2 ) 

(3) 

(4) 

(5) 
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As already mentioned in the beginning , this does not 
at all mean tliat computers can replace human thought. 

The computer car only \/ork out the answer to a query regarding 
the valicity oi a conclusion in the forms : "yes, "no”, 

"does not follow from the assumption" or "contradictory to 
known facts" j but it cannot suggest what questions should be 
asKed to clinch the issue^if the deduction is found to be 
inconclusive . Much can be said on this inter-relationship 
between semantics and logic, but, in essence, we can say that 
the latter, which is the grammar of reasoning, can be 
computerized, while the former continues to be still in the 
realm of human endeavour. 






